Lecture 5. NEWTON’S LAWS OF MOTION

Newton’s Laws of Motion

Law 1. Unless a force 1s applied to a particle 1t will either
remain at rest or continue to move in a straight line at
constant velocity,

Law 2. The acceleration of a particle 1n an inertial reference
frame 1s proportional to the force acting on the particle, and

Law 3. For every action (force), there is an equal and
opposite reaction (force).

Newton’s second Law of Motion i1s a Second-Order Differential
Equation

Xf = m¥

where X f 1s the resultant force acting on the particle, # 1s the

particle’s acceleration with respect to an inertial coordinate
system, and m 1is the particle’s mass.
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Figure 3.1 A car located in the X, Y (inertial) system by IX and
a particle located in the x, y system by ix.

A particle in the car can be located by

:X+
Xp X

The equation of motion,
Xfy=mx, =m(X+%),

1s correct. However,
XfyEmX

because the x, y system 1s not inertial.
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Y,Z Inertial coordinate system

3-D Version of Newton’s 2™ Law of Motion

. d.X°
=ma.,=mX=m— (—

. 4.7
=may,=mY =m—(—
Jy=may dY( 2)

. d Z°
=ma.=m/l =m—(—) .

Using the Energy-integral substitution

p_dX _dXdX _ ,dX_d (Xz).
dt dX dt dX dXx
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Multiplying the equations by dX, dY, dZ , respectively, and
adding gives

[ dX +£,dY +f,dZ = % d[(X*)+(T*) +(Z9)]

2
dWork =d( ’"2" )=dT .

This “work-energy” equation is an integrated form of Newton’s
second law of motion Xf=m#. The expressions are fully

equivalent and are not independent.

The central task of dynamics is deriving equations of motion for
particles and rigid bodies using either Newton's second law of
motion or the work-energy equation.
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Constant Acceleration: Free-Fall of a Particle Without Drag

N m : - . .

W = g :

W = mg | Y

1

Figure 3.3 Particle acted on by its weight and located by Y (left)
and Y’/ (right)

Equation of Motion using Y

EfY=—w=—mg=mY=>Y=—g.

Let us consider rewriting Newton’s law in terms of the new
coordinate Y’. Note that Y/+Y=a = ¥'+Y=0 = ¥'+¥-0.
From the free-body diagram, the equation of motion using Y is

ZfY/=w=mg=mY/=>Y/=g.

This equation conveys the same physical message as the
differential equation for Y ; namely, the particle has a constant
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acceleration downwards of g, the acceleration of gravity.

Time Solution for the D. Eq. of motion for ¥,

d*Y
dt?

:—g.

Integrating once with respect to time gives

— =Y =Y, -gt,
P (¥) o &

where Yo =Y(0) is the initial (time #=0) velocity. Integrating a

second time w.r.t. time gives

, 2
Y(t)=YO+YOt—%,

where Y, =Y(0) is the initial (time #=0) position. Y, and YO

are the ““initial conditions.”

The solution can also be developed more formally via the
following steps:

a. Solve the homogeneous equation Y’ , =0 (obtained by setting

the right-hand side to zero) with the solution as
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Y, =A+Bt .

b. Determine a particular solution to the original equation
d*Y/dt? = - gthat satisfies the right-hand side. By inspection,
the right-hand side 1s satisfied by the particular solution

Y, = =Ct* = Y =2Ct = Y =2 C. Substituting this result nets
Yp=2C=—g = C=-g/2,and

The complete solution is the sum of the particular and
homogeneous solution as

t2
Y=Yh+Yp=A+Bt—gT.

The constants 4 and B are solved in terms of the initial
conditions starting with

Y(0)=Y,=4 = A=Y, .

Continuing, Y =B - gt netting
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Y(0)=Y,=B = B=Y,,

and the complete solution — satisfying the initial conditions —
1S

. 2
Y(t)=YO+YOt—%,

which duplicates our original results.

Engineering Analysis Task: If the particle is released from rest
(Y(0)=0) at Y(0)=H, how fast will it be going when it hits the
ground (Y=0)?

Solution a. When the particle hits the ground at time t_,
Y(t_) =Y0 —gt_ = - gt_

_ l‘_2
Y(¢) = H - gT:o.

Solving for t_,

~
[l
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Solving for Y( t_) ,

s 2H T
Y(t):_g ?:_ng.

Solution b. Using the energy-integral substitution,

y_dY _dY dy _ ,dY _ d Y’
dt dY dt dy dy\ 2]’

changes the differential equation mY=-w to

d (Yz) o
m =-w =-mg.
dy | 2

Multiplying through by dY and integrating gives

) -2
mY mYO Y
—~ = - m dv =me(H-Y) .
; : ng y g( )

Since Y0=O, Y(Y=0)is

Y(Y=0) = \2gH

Solution c. There 1s no energy dissipation; hence, we can work
directly from the conservation of mechanical energy equation,
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T+V=T,+V,,

where T=mY"/2 is the kinetic energy. The potential energy of

the particle 1s its weight w times the vertical distance above a
horizontal datum. Choosing ground as datum gives V'=wY and

2
m% cwY=0+wH = ¥(Y=0)=\2gH

The weight 1s a conservative force, and 1n the differential
equation 1s -w, pointing in the -Y direction. Strictly speaking,
a conservative force is defined as a force that 1s the negative of
its gradient with respect to a potential function V. For this
simple example, with V=wY
_dV __dwY)
dY dY

= —WwW.

Hence (as noted above) the potential energy function for gravity
1s the weight times the distance above a datum plane; 1.e.,

Vg=wY.
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Acceleration as a Function of Displacement: Spring Forces

c
E
"

{cir)

Js

m

(c)

Figure 3.5 (a) Particle being held prior to release, (b) Y
coordinate defining m’s position below the release point, ( ¢)
Spring reaction force f = -kY

Particle suspended by a spring and acted on by its weight. The
spring 1s undeflected at Y=0;1.e., Y=0 = f =0 (zero spring

force). The spring force f = —kY has a sign that is the opposite

from the displacement Y, and it acts to restore the particle to the
position Y =0.
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Figure 3.5 (d) Free-body
diagram for Y>0, (e) Free-body
diagram for Y<O

From the free-body diagram of figure 3.5d, Newton’s second law
of motion gives the differential equation of motion,

Sf,=mY=w-kY—> mY+kY=w. (3.13)

Figure 3.5d-e shows that f =-kY for Y>0and Y<O0
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Deriving the Equation of Motion for Motion about Equilibrium

) (B) (c)

[ ed
; | kY

> s k(Y+y)

1

m

]

Figure 3.5 (a) Mass m in
equilibrium, (b) Equilibrium free-
body diagram, (c) General-position
free-body diagram

Figure 3.5c applies for m displaced the distance y below the
equilibrium point. The additional spring displacement generates

the spring reaction force f =k(Y +y), and yields the following

equation of motion.
my=Y fy=w-k(Y+y)=w-kY-ky=-ky

~my+ky=0.

(3.14)
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This result holds for a linear spring and shows that w is
eliminated, leaving only the perturbed spring force ky.

f=kY
MORE i
EQUILIBRIUM, =]
1 MASS - 2 e T
SPRINGS i i '

% m
k, lw

k(Y+y)
(a) (b)
p f
T Sty l £ ky
- y T m yv l
I P U
w
o T
fi by S+ hy
(©) (d)

Figure 3.6 (a) Equilibrium, (b)
Equilibrium with spring 1 in tension and
spring 2 in compression, (¢) Equilibrium
with both springs in tension, (d)
Equilibrium with both springs in
compression
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Spring 1 in tension, spring 2 in compression
Figure 3.6b, equilibrium starting from undeflected springs:
w=f+f =k +ky)y

mJ.’.:ny:W_lﬂ(;"'y) _kz(;"'y) :W_(k1 +k2)37+(k1 +k2)y
=( _(kl +k2)y
wmy+(k;+ky)y=0 .

Figure 3.6¢, Equilibrium with both springs in tension, w =f, -1,

my=)_ f,=w-(f, +k,y)+(fy-ky)=(w A +£,) - (k +ky)y
=0-(k; +k,)y

.« my+(k, +k,)y=0 .

Figure 3.6¢, Equilibrium with both springs in
compression,w =f, - f,

my=Y_ f,=w+(f; =k y) - +ky») =(w £, = ;) + (k; +ky)y
=0 - (k, +k,)y
« my+(k +hky)y=0 .

CONCLUDE: For linear springs, the weight drops out of the
equation of motion.

Natural Frequency Definition and calculation
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Dividing mY +kY =w by m gives
Y + a)i Y =g,

where

and o, 1s the undamped natural frequency.

Students frequently have trouble in getting the dimensions
correct in calculating the undamped natural frequency.

Starting with the ft-Ib-sec system, & has the units Ib/ft. The mass
has the derived units of slugs. From

_ 2
W:mg = m(slugs)=w(lbs)/g(ﬂ/secz)= lud (lb 5¢C )9

g St

The dimensions for @, are

k(%

ﬁ)

| m(lb-sec®) _ ‘ k rad _ ‘ k 1

® = =.|— — =,|— sec”,
\ ft m Sec m
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Starting with the SI system using m-kg-sec, the units for £ are
N/m. We can use w=mg to convert Newtons into kg-m/sec’.

Alternatively, the units for kg from m =w/g are N-sec*/m, and

N
meter

| m(N-se¢?) _ |k
®, = =,| — sec™",
\ meter m

Note that the correct units for _are rad/sec not cycles/sec. The

k(

undamped natural frequency can be given in terms of cycles/sec
as

0] ®
f-o rad  lcycle _ ®n cycles _ ®y Hertz
sec 2mrad 2m sec 27

Time Solution From Initial Conditions.
The homogeneous differential equation corresponding to

Y+coiY=g 18

Yh+inh=O.

76



Substituting the guessed Y, =4 cospt yields

(-p2+0.)Acospt=0 = p=o_

Guessing Y, =4 sinpt yields the same result; hence, the general

solution 1s solution
Y, = A cos ot + Bsinotl.

The particular solution is

_ g _
y,= £ -

w
o k

Note that this 1s also the static solution; 1.e.,
mY+kY=w =Y

<tatic =w/k. The complete solution is

—_— J— < W
Y—Yh+Yp—Acosoant+Bsmoant+—.

For the initial conditions Y(0)=0,Y(0) = Y, =0, the constant 4

s obtained as

Y(O)=Y0=O=A+%=>A=—;.
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From

Y = - Ao, smo, ¢t + Bo,cos o, 1,

one obtains

Y0) =Y,=0=Bo, - B =0,

and the complete solution is

Y = % (1-cos o, 1) . (3.17)

For arbitrary initial conditions (Y, YO) , the solution 1s

0 . w
Y(t)=Y,cosm, t+— sma)nt+;(1 - COosS®,?)

n

Note that the maximum displacement defined by Eq.(3.17)
occurs for ® f=m = cosw_ f=-1, and is defined by

sStatic °

Y =Y1rn-c-ny=2%=2xy
max k[ ( )] k

Sometimes, engineers use 2 as a design factor of safety to
account for dynamic loading verus static loading.
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T, = 21/W,
1.50E-04 |< >|

1.00E-04 _
Y (m)

5.00E-05 _|

0.00E+00 | | I |

0 0.01 0.02 0.03 0.04 0.05
t (sec)

Figure 3.6 Solution Y(¢) from Eq.(3.17) with m=40kg,
k=5.685x10°N/m, yielding @, =377.rad/sec=f, =60Hz and
T, =2n/®,=.01667sec.

The period for undamped motion is

T, = 2n (sec)
(Dn
Note that
®
A -1 =—"(sec’!)
T, 2T
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Energy-Integral Substitution

Substituting,

dt dY dt dY dY

y_dY _dydy _,dY d(Y

into the differential equation of motion gives

)
md Y =w - kY.
dyY \ 2

Multiplying through by dY and integrating gives

2 mY, 2 kY,
mY 0 —w (Y - ) - kY= Kl
2 2 2 2

Rearranging gives,
72 2 mY. kY?
m Y —wY+kY L -w Y, + °
2 2 2 2

b

which 1s the physical statement
T+V=T,+V,,

where
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Y2
V=V +V ,V =-wY, V. =k— .
g N g s 2

The gravity potential-energy function 1s negative because the
coordinate Y defines the body’s distance below the datum.

The potential energy of a linear spring is ¥V, =k8°/2 where &

1S the change in length of the spring from its undeflected
position. Note

v, d Y2
=-S5 9 (k=)=-kY .
ey T )

Hence, the spring force 1s the negative derivative of the
potential-energy function.

Units

With the notable exception of the United States of America,
all engineers use the SI system of units involving the meter,
newton, and kilogram, respectively, for length, force, and mass.
The metric system, which preceded the SI system, was legalized
for commerce by an act of the United States Congress in 1866.
The act of 1866 reads in part’,

' Mechtly E.A. (1969), The International System
of Units, NASA SP-7012
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It shall be lawful throughout the United States of America to
employ the weights and measures of the metric system; and
no contract or dealing or pleading in any court, shall be
deemed invalid or liable to objection because the weights or
measures referred to therein are weights or measures of the
metric system.

None the less, in the 21* century, USA engineers, manufacturers,
and the general public continue to use the foot and pound as
standard units for length and force. Both the SI and US systems
use the second as a unit of tim. The US Customary system of
units began in England, and continues to be referred to in the
United States as the “English System” of units. However, Great
Britain adopted and has used the SI system for many years.

Both the USA and SI systems use the same standard symbols
for exponents of 10 base units. A partial list of these symbols is
provided in Table 1.1 below. Only the “m =-3” (mm =
millimeter = 10”°m) and “k = +3” ( km = kilometer = 10° m)
exponent symbols are used to any great extent in this book.
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Table 1.1 Standard Symbols for exponents of 10.

Factor by which Prefix Symbol
unit is multiplied

10° mega M

10° kilo k

10? hecto h

10 deka da

10 deci d

107 centi C

10 7 milli m

107 micro n

Newton’s second law of motion Xf=mF ties the units of

time, length, mass, and force together. In a vacuum, the vertical
motion of a mass m is defined by

w=m17=mg , (1.3)

where Y 1s pointed directly downwards, w 1s the weight force due
to gravity, and g is the acceleration of gravity. At sea level, the
standard acceleration of gravity” is

2
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2=9.81m/sec? =9810.mm/sec’
(1.4)
=32.2ft/sec’> =386.in/sec* .

We start our discussion of the connection between force and
mass with the SI system, since it tends to be more rational (not
based on the length of a man’s foot or stride). The kilogram
(mass) and meter (length) are fundamental units in the SI system,
and the Newton (force) 1s a derived unit. The formal definition of
a Newton 1s ,’that force which gives to a mass of 1 kilogram an
acceleration of 1 meter per second per second.” From Newton’s
second law as expressed in Eq.(1.3), 9.81 newtons would be
required to accelerate 1 kilogram at the constant acceleration rate

of 2=9.81m/sec?, i.e.,
9.81N=1kgx9.81 m/sec*=9.81 kg m/sec?

Hence, the newton has derived dimensions of kg m /sec?.

From Eq.(1.3), changing the length unit to the millimeter
(mm) while retaining the kg as the mass unit gives

mg =m(kg)* 9810mm/sec? , which would imply a thousand
fold increase in the weight force; however, 1 newton is still

From the universal law of gravitation provided by Eq.(1.1), the
acceleration of gravity varies with altitude; however, the
standard value for g in Eq.(1.4) is used for most engineering
analysis.
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required to accelerate 1 kg at g=9.81m/sec® =9810mm/sec?,
and

m(kg)x 9810mm/sec’* =w(10>N) =w(mN) .

Hence, for a kg-mm-second system of units, the derived force
unit is
10~ newton = 1 mN (1 milli newton).

Another view of units and dimensions 1s provided by the
undamped-natural-frequency definition o, =/ K/M of a mass M

supported by a linear spring with spring coefficient K .
Perturbing the mass from its equilibrium position causes
harmonic motion at the frequency ®,_, and ®,’s dimension is

radians/second, or sec” (since the radian is dimensionless) .
Using kg-meter-second system for length, mass, and time, the

: : 2
dimensions for ®, follow from

2_K(N/m) _p kgm 1, 1 K )
M) s ) Mk M) (D)

confirming the expected dimensions.

Shifting to mm for the length unit while continuing to use
the newton as the force unit would change the dimensions of the
stiffness coefficient K to N/mm and reduce K by a factor of

1000. Specifically, the force required to deflect the spring 1 mm
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should be smaller by a factor of 1000 than the force required to
displace the same spring

1 m = 1000 mm. However, substituting K with dimensions of
N/mm 1nto Eq.(1.5), while retaining M in kg would cause an

decrease in the undamped natural frequency by a factor of

v/ 1000. Obviously, changing the units should not change the

undamped natural frequency; hence, this proposed dimensional
set is wrong. The correct answer follows from using mN as the
derived unit for force. This choice gives the dimensions of mN
/mm for K, and leaves both K and o unchanged. To confirm that

K 1s unchanged (numerically) by this choice of units, suppose
K=1000N/m=1N/mm =1000mN/mm. The reaction force

produced by the deflection &=1mm=10"3m is

£=K5=1000x103m=1N

m

1N S imm=1N
mm

1000 "N % 1 mm =10 mN=1N |

mm

confirming that mN 1s the appropriate derived force unit for a kg-
mm-sec unit system.

Table 1.2 SI base and derived units
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Base mass |Base time |Base length | Derived Derived
unit unit unit force unit | force unit

dimensions
kilogram |second meter (m) |Newton kg m / sec’
(kg) (sec) (N)
kilogram |second millimeter |milli kg mm /
(kg) (sec) (mm) Newton sec’

(mN)

Shifting to the US Customary unit system, the unit of pounds for
force 1s the base unit, and the mass dimensions are to be derived.
Applying Eq.(1.3) to this situation gives

w(lb) _ w Ibsec?

w=mg = m=
32.2ft/sec> 322 ft

The derived mass unit has dimensions of /bsec®/ft and is called
a “slug.” When acted on by a resultant force of 1 1b, a mass of
one slug will accelerate at 1f#/sec®. Alternatively, under

standard conditions, a mass of one slug weighs 32.2 Ibs.
If the inch-pound-second unit system is used for
displacement, force, and time, respectively, Eq.(1.3) gives

w(lb) _ w Ibsec’
386. in/sec> 386. in

w=mg = m=

b
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and the mass has derived dimensions of [bsec?/in. Within the
author’s 1960's acrospace employer, a mass weighing one pound
with the derived units of /bsec?/in was called a “snail”. To the

author’s knowledge, there 1s no commonly accepted name for
this mass, so snail will be used in this discussion. When acted
upon by a resultant 1 Ib force, a mass of 1 snail will accelerate at
386. in /sec’, and under standard conditions, a snail weighs 386.
1bs.

Returning to the undamped natural frequency discussion,
from Eq.(1.5) for a pound-ft-sec system,

(Di: K(lb/ﬁ)z :jl\j(seci) .
M Ib sec )
ft

Switching to the inch-pound-second unit system gives
W2 = K(lb/in) _ K (sec?) |

" Ib secz) M

M(—
in
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Table 1.3 US Customary base and derived units

Base force |Base time |Base length | Derived Derived
unit unit unit mass unit | mass unit
dimensions
pound (Ib) |second foot (ft) slug Ib sec?/ ft
(sec)
pound (Ib) |second inch (in) snail Ib sec’/ in
(sec)

Many American students and engineers use the pound mass
(Ibm) unit in thermodynamics, fluid mechanics, and heat
transfer. A one pound mass weighs one pound under standard
conditions. However, the Ibm unit makes no sense in dynamics.

Inserting m =1/bm into w=mg with g =32.2ft/sec’*would

require a new force unit equal to 32.2 lbs, called the Poundal.
Stated briefly, unless you are prepared to use the poundal force
unit, the pound-mass unit should never be used in dynamics.

From one viewpoint, the US system makes more sense than
the SI system in that a US-system scale states your weight (the
force of gravity) in pounds, a force unit. A scale in SI units
reports your weight in kilos (kilograms), the SI mass unit, rather
than in Newtons, the SI force unit. Useful (and exact)
conversion factors between the SI and USA systems are: 1 Ibm =
4535923 7* kg, 1 in=.0254* m, 1 ft =.3048* m, 1 Ib =4.448
221 615260 5* N. The * in these definitions denotes
internationally-agreed-upon exact conversion factors.

89




Conversions between SI and US Customary unit systems
should be checked carefully. An article in the 4 October 1999
issue of Aviation Week and Space Technology states,” Engineers
have discovered that use of English instead of metric units in a
navigation software table contributed to, if not caused, the loss of
Mars Climate Orbiter during orbit injection on Sept. 23.” This
press report covers a highly visible and public failure; however,
less spectacular mistakes are regularly made in unit conversions.

90



Lecture 6. MORE VIBRATIONS

Deriving the Equation of Motion, Starting From an
Energy Equation

é
=

I

oo

(cr)

Y

W mg

(h)

Assume that the spring 1s undeflected for Y=0 and the
gravity potential-energy datum 1s also at Y=0. Starting
with,

T+V=T,+V,,

we can state
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mY —wY+kY m 0 _., Y, + 0
2 2 2 2

The negative sign applies for the gravity potential energy
because Y 1s below the datum. Differentiating with respect
to Y gives

d m¥' . — d kY

=0=> mY=w-kY .
AT mEmw

In many cases, the differential equation of motion is
obtained more easily from an energy equation than from
Newton’s 2™ law.

Equilibrium Conditions. Equilibrium for the particle
governed by the mass-spring differential equation,

EfY=mY=w—kY,

occurs for Y=0, and defines the equilibrium position

O=w-kY = Y=2.
k

We looked at motion about the equilibrium position by
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defining Y= Y+ y = Y=y. Substituting these results into

the differential equation of motion gives the following
perturbed differential equation of motion

my +k(Y+y)=w = my +ky= 0,

since kY=w. This equation has the particular solution
Y, = 0 and the complete solution

Y=Yh+Yp=Acosa)nt+Bsin(Dnt+O.

The motion 1s stable, oscillating about the equilibrium position at
the undamped natural frequency ®, =v/k/m; hence, Y=Y =w/k

defines a stable equilibrium position.

For small motion about an unstable static equilibrium position,
the perturbed differential equation of motion will have a
“negative stiffness coefficient,”such as

my-ky= 0,

and an unstable time solution
Y = A4 coshw,t + B sinho ¢
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Inverted compound pendulum with an unstable
static equilibrium position about 8 =0.

For small motion about the equilibrium position 6 =0, the

inverted compound pendulum has the differential equation of
motion

§-89-0.
21
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External time-varying force. Adding the external time-varying
force f(t) =f,sinw¢ to the harmonic oscillator (mass-spring)

system yields the differential equation

mY=w—kY+j%sin0)t.

The energy-integral substitution,

gives

d | Y .
= - kY + f sin o ¢,
de(Z) w Jo

and integration gives

.2 2
(m2Y WY k;/ )
~2 2
iy mY, T +kYO)
2 )

=fonsin(otdy:ftfosinoarxy(r)dr .
Y, 0

This equation 1s a specific example of the general equation
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A(T+V)=Work

nonconservative °

An external time-varying force is a nonconservative force and
produces nonconservative work. The right-hand side integral
cannot be evaluated unless the solution Y(#) for the differential

equation is known.

Hence, for nonconservative forces that are functions of time,
neither the energy-integral substitution nor the work-energy
equation is useful in solving the differential equation of motion.
The substitution is normally helpful in solving the differential
equation when the acceleration can be expressed as a function of
displacement only.
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Example 6.1

* 2 bodies, one degree of freedom
= Kinematic constraint
- equations

I =cordlength=2x+y+a = y=-2% = 3=-2%,

where a 1s the amount of cord wrapped around the pulley.
Free-body diagrams
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quations of Motion
2f. =-2T, -w;smb-kx=mx
Xf,=w, T, =my = T .=w,-myy.

Substituting for T, the cord tension, and using the kinematic
constraint to eliminate y gives

-2(w,-m,y)-w,sinb -kx=m x
-2[w,-m,(-2X)]-w,;sin® -kx=m,x

w (m+4my)X +kx=-2w,-w,;sin@ = a)i:k/(m1+4m2).

This equation of motion can be stated

m, X +keqx =

q eq

Note that both entries in m, Mt 4m, are positive. If either

were negative, the answer would be wrong. We don’t have
negative masses in dynamics, and a negative contribution in this
type of coefficient always indicates a mistake in developing the
equation of motion.
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Strategy for Deriving and Verifying the Equation of Motion
fromz Sx= mX :

1. Select Coordinates and draw them on your figure. Your
choice for coordinates will establish the + and - signs for
displacements, velocities, accelerations and forces. Check to see
if there 1s a relation between your coordinates. If there is a
relationship, write out the corresponding kinematic constraint
equation(s).

2. Draw free-body diagrams corresponding to positive
displacements and velocities for your bodies. In the present
example a positive x displacement produced a compression force
in the spring acting in the -x direction.

3. Use Z f=mF to state the equations of motion with + and -
forces defined by the + and - signs of your coordinates.

4. Use the kinematic constraint equation(s) to eliminate excess
variables to produce an equation of motion.

5. If your equation has the form m, X +k, x =f (¢), check to

see that the individual contributions for m, . and k, ,are positive.

Think about the degrees of freedom for your system. A one
degree-of-freedom (1DOF) system needs one coordinate to
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define all of the bodies’ positions. A 2DOF system needs two
coordinate to define all of the bodies’ positions, etc. Example
6.1 has two coordinates but only one degree of freedom.

Equation of Motion for motion about equilibrium

Equilibrium is defined by }_£,=0 = £=0 and implies

x=-(2w,+w,sin8)/k .

For motion about the equilibrium position defined by
X=x+0x = X=0X,

(m, +4m,)dx +k(dx +x)=-2w, -w,sinf

& (m +4m,)ox +kox =0 .
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ENERGY APPROACH

Data for Potential Energy Functions

XA &

‘[ —zf/ﬂ/[//ﬂ )

Conservation-of-Energy Equation: T+V=T,+V,

) ) 2
mz% +m1%—w2y+w1xsin9 +k%=TO+VO ,OF
2 '2 2
( ?C) +m1 5 —wz(lc—Zx)+W1XSin6+k%:TO+V0,0’”

<2 2
(m, +4m2)% ~w, (I -2x) +w, xsin® +k% =T,+V, .

Differentiating w.r.t. x
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.2
(m, +4m2)di(%)+2w2+w1sin8+kx=0
X

o (m +4my)X +kx=-2w,-w,sinb
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LECTURE 7. MORE VIBRATIONS

(b)

A

y - -
Y

T+ 38T,
T+ 3T,
T +3T,
T+ 3T,

m 0 0
0 0 m
0 0
(¢) w
A I A
d :
i A a
y 1
Yy 4 s
y
A

Figure XP3.1 (a) Mass in equilibrium, (b) Free-
body diagram, (¢) Kinematic constraint relation

Example Problem 3.1 Figure XP3.1 illustrates a mass m that 1s
in equilibrium and supported by two spring-pulley combinations.
Tasks: a. Draw a free-body diagram and derive the equations of
motion, and . For w=100 lbs, and £=200/b/in. Determine the

natural frequency.
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For equilibrium,

Efy=w—4]_"c

Applying Xf, =my to the free-body diagram gives
my=3f,=w-4T,=w-4T, -48T, = -43T, . (i)

The reaction forces are defined as 67, =ky_ where y_ is the

change 1n length of the spring due to the displacement y. We
need a relationship between y and y..

The cord wrapped around a pulley is inextensible with length
[.. Point 4 in figure XP3.1a locates the end of the cord. From

this figure, [ ,=a+(a-d)=2a-d. Figure XP3.1c shows the

displaced position and provides the following relationship,

l,=(a+y)+[(a+y)-(d+y)]=(2a-d)+2y -y,
:lc +2y Y (ii)

LY. =2y .

Applying these results to Eq.(1) gives
ny=-40T,=-4ky ==-4k(2y)=-8ky = my+8ky=0 (iii)

This step concludes Task a. Eq.(1) has the form
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bJ

my +k, V= Owhere £k, g8 k 1s the “equivalent stiffness.’
Dividing through by m puts the equation into the form
j/'+ooiy=0; hence,

k .
(Di _ eq _ 8x100/b/in :3088(@)2
m  [1001b/(386.in/sec?)] SeC
- o =55.67%
SE€C

and

f.=55.6799  (Laycle y _g g4 cle _g g4 py
sec 2mrad sec

Note the conversion from weight to mass via m =w/g where for
the inch-pound-second system, g =386.in/sec”.
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Deriving Equation of Motion From Conservation of Energy

.2
TeV=Ty ¥y = m- +2[§(2y)2] - Constant

:2
my? +4y? = Constant

Differentiating w.r.t. y gives

)
mi(y—)+8ky=0 = my+8ky=0 .

dy 2
The Simple Pendulum,
Linearization of nonlinear
Differential Equations for small
motion about an equilibrium
Y €
-0
Y m
x -
|
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Pendulum ¢
Free-Body Diagram p
TC
m
M
W
6
The pendulum cord 1s inextensible.
Application of Xf=m# in polar coordinates:
Sf = -T +wecos®=m(i ~-mI§*)=-mi§’ .
S f, = -wsin® = m(18+218) = mI® '
Nonlinear Equation of Motion
mlf=-wsin® - é+§sine=o. (3.83)

Equilibrium is defined by §=0 = sin@=0 = 8=0 orn
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Expanding the nonlinear sin® term in a Taylor series about 6 =0
gives

3 5
sin6=6—e6 Y +... (3.84)

Discarding second-order and higher terms in 0 gives the
linearized D.Eq.

é+§eeo - §+020=0. (3.85)
where
® =g/l , (3.86)

Linearization validity:

sin15° =sin(.2618rad) = .2588
0=.2618

8°/6 =.002990
6°/120=.000010 .

(3.87)

Linearized model is reasonable for 6 <15°.
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Pendulum Differential Equation of Motion From Conservation
of Energy

2
T+V=T,+V, = m (162)) -wl cos 0 =constant .

Differentiating w.r.t. 0 gives

~2
mi2% (8 )i wising=0 = §+8sin6=0 .
a8 2 ]
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ENERGY DISSIPATION—YViscous Damping

Automatic door-closers and shock absorbers for automobiles
provide common examples of energy dissipation that is
deliberately introduced into mechanical systems to limit peak
response of motion.

AY
I Piston
Y Cylinder
Y cY
(a) (b)

As illustrated above, a thin layer of fluid lies between the piston
and cylinder. As the piston i1s moved, shear flow is produced in
the fluid which develops a resistance force that is proportional to
the velocity of the piston relative to the cylinder. The flow
between the piston and the cylinder is laminar, versus turbulent
flow which occurs commonly in pipe flow and will be covered in
your fluid mechanics course. The piston free-body diagram
shows a reaction force that is proportional to the piston’s
velocity and acting in a direction that is opposite to the piston’s
velocity
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(@) (b) (c)

33 -
2 2 kY kY kY kY

c 2 c¥y 2 2 <Y 2
i ¥
w
m n
'f k4
W= "”._E W = fi':i'g
¥ >0 ¥<0

Figure 3.10 (a) Body acted on by its weight and supported by
two springs and a viscous damper, (b) Free-body diagram for

Y>0,Y>0, (c) Free-body for Y>0,Y<0

Figure 3.10a shows a body of mass m that is supported by two
equal-stiffness linear springs with stiffness coefficients £ /2 and
a viscous damper with damping coefficient c¢. Figure 3.10b

provides the free-body diagram for ¥>0,Y>0. The springs are
undeflected at Y=0. Applying Newton’s equation of motion to
the free-body diagram gives:

mY=EFY=w———cY——,
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or
mY +cY + kY =w. (3.21)

Dividing through by m gives
Y+2Z;conY+in=g,

where

o =ykm , 2Cw® =cm={=—F

2 Jkm

C 1s called the linear damping factor.
Transient Solution due to Initial Conditions and Weight.
Homogeneous differential Equation

V,+200 ¥, +® Y, =0 (3.22)

Assumed solution: Y,=Ae" yields:

(sz+2Coans+coi)Ae”=O.
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Since 4 # 0, and e* =0
s2+2Co, s+ =0. (3.23)

This is the characteristic equation. For { =1, the mass is
critically damped and does not oscillate. For (<I, the roots are

s=-Lo £jo, J1-C

:_C(Dnijwd

(3.24)

w,=o 11 - is called the damped natural frequency. The two
roots defined by Eq.(3.24) are

s;=-Co +jo,, s,=-Co -jo, .

The homogeneous solution looks like

B st Syt

:Al e(‘C ®,+] ©,) t+A2 e(—(; ®, —j oyt (3.25)

b

where A, and A4, are complex coefficients. Substituting the
identities

j(l)dt _ . . _jwdt _ _ . .
e’ = cosw,t +jsinw,t, e = cOsM,t — j sinw ,t

into Eq.(3.25) yields a final homogeneous solution of the form
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Y, = e O (4 cosw,t + B sinw,t) . (3.26)

where 4 and B are real constants. The complete solution is

Y=Y,+Y, = et (4 cosw,t + B smm,f) + % . (3.27)

For .C.’s ¥(0) = Y(0) = 0, starting with Eq.(3.27) yields

Y0)=0=4 + X 5 4=-2
k k

To evaluate B, we differentiate Eq.(3.27), obtaining

Y = e o™ ®,; (-4 sinw,z + B cosm,f)

-Co,t .
- o, e (4 cosw,t + B sinw,f) .

Evaluating this expression at t = 0 gives
YO) =0=Bo,-{o 4.

Hence,




The complete solution is now given as

=211 - e (cos w, t + C

k 1_C2

sin ®, | . (3.28)

Figure 3.10 illustrates this solution for the data
m=1kg, k=3948. Nlm , ¢ = 12.57 Nsec/m ,

o = 628 rd/sec = f =10 cycle/sec = 10 Hz

(3.29)

C=.10, o, =622 rd/sec .
0.006 < a2
0.005 __
0.004 _

Y (m) 0.003 _| \/\
0.002 __
0.001 __
0 | |
0 0.1 0.2 0.3
t (sec)

Figure 3.10 Time solution of Eq.(3.28) with the data of
Eq.(3.29).
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Substituting the “energy-integral” substitution Y=d(Y 2/ 2)/dY
into Eq.(3.21)

)
md Y = - kY+w-cY.
dYy \ 2

We can still multiply through by dY, but we can not execute the
integral,

[Tevar-[' eV Y gt eV
Y.

0 t dt t

since Y is generally a function of ¢ not Y. You need the
solution Y(t) to evaluate this integral and determine how much
energy 1s dissipated.

Incorrect Sign for Damping.
Suppose you get the sign wrong on the damping force, netting,

mY -cY +kY=w.

Dividing through by m gives
Y—ZC(DnY+(DiY:g.
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the general solution 1s now

Y = "™ (4 cosm,t + B sinw,f) + % .

Instead of decaying exponentially with time, the solution grows
exponentially with time.

UNITS — Damping Coefficients
The damping force 1s defined by £, ... = ~¢X; hence, the

appropriate dimensions for the damping coefficient ¢ in SI units
is
N Nsec
S HNsee
xX(m/sec) m

C:

In the US system with /b-ft-sec units,

c=_JUb) _ (dbsecy
x(ft/sec) ft

Similarly, in the US system with /b-in-sec units,

c=_JUb) _  tbsecy

X (in/sec) in

The damping factor C 1s always dimensionless, defined by,
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20w =S = =—FC ,
Z;"M Z;2Moan

where M is the mass. In the SI system, we have

Nsec 1 1 ¢ , Nsec?
C=c( )X X — = ( ) .
m 2M(kg) mn(sec 1) 2M(Dn mkg
However, recall that the derived units for the newton are
kg m/sec?; hence, { is dimensionless.
Using the ft-Ib-sec US standard system of units,
Ibsec 1 1 c ,Ibsec?
C=c( )X X ) -

ft 2M(slug) ® (sec™) ] 2Mo, ftslug

However, the derived units for the slug is /bsec?/ft, so this result

1s also dimensionless.
Finally, Using the in-/b-sec US standard system of units,

£ = lb'se:c)>< 1 y 1 c Ibsec? )

in 2 M(snail) a)n(sec‘l) ) 2Mo, insnail

However, the derived units for the snail is /bsec?/in, so this
result 1s also dimensionless.
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“Logarithmic Decrement” or simply “log dec” 6 to
Characterize Damping

The log dec can be determined directly from an experimentally-
measured transient response. From Eq.(3.26), the motion about
the equilibrium position can be stated

Y,=e ““'Dcos(w,t-¢) ,

where D=(A?+B?) V%, and ¢=tan"!(-B/A). Peaks in the
response curves occur when cos(,#-¢) =1, at time intervals

equal to the damped period t,=2n/®,. Hence, the ratio of two

successive peaks would be

Yl e _C(Dntl

— =e C(Dn’cd
Y2 e -Co, (1 +1,) ’
and the log dec 0 is defined as
Y 2n 27
6=ln(—1)=CmnT =Co, = - (3.30
Y2 d (On(l _CZ)I/Z (1 _C2)1/2 ( )

The log dec can also be defined in terms of the ratio of a peak to
the nth successive peaks as:
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_Cmntl

e
(n 1) ln(7)_(;1 1) o —Cwn<r1+(n—1>rd>]

n

2T
:C(D Td C no_ 27[C

0 1-C 1-C

Note in Eq.(3.30) that 6 becomes unbounded as {=1. In many

dynamic systems, the damping factor 1s small, (<<1, and
o0=2nC.

(3.31)

In stability calculations for systems with unstable eigenvalues,
negative log dec’s are regularly stated.

Solving for the damping factor { in terms of 0 from Eq.(3.30)
gives

_ )
[(275)2 +52]1/2 '

(3.31)

The effect of damping in the model mx +cx +kx =0 can be
characterized in terms of the damping factor C and the log-dec 0.

121



Example Problem 3.4

Figure XP3.4 illustrates a transient response result for a mass
that has been disturbed from its equilibrium position. The first
peak occurs at #=1.6sec with an amplitude of 0.018 m. The

fourth peak occurs at #=10.6sec with an amplitude of .003 m.

xversus t
0.025

0.020
0.015

0.010 /\

0.005 | / \ /\

0.000 T T T T T T T

-0.005 0 / 2 \ /4 W 8 10 12 14
N

-0.010

-0.015 A
-0.020
-0.025 -

-0.030

x (m)

t (sec)

Figure XP3.4 Transient response

Tasks. Determine the log dec and the damping factor. Also,
what 1s the damped natural frequency?

Solution Applying Eq.(3.31) gives

1 018

1 ln(—)—gl (—4)—51 (W) 0.597 (3.31)

n

0=

for the log dec. From Table 3.1, the damping factor is

‘- 5 __ 0597 00

(@) +81 a2+ 597
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The damped period for the system 1s obtained as
31t,=10.6 -1.6 =9sec. Hence,

T,=3sec = w,=2n/t,=2.09rad/sec.

Percent of Critical Damping
Recall that { =1 = critical damping A “percent of critical
damping” is also used to specify the amount of available
damping. For example, { =0.11mplies 10% of critical damping.

Table 3.1 demonstrates how to proceed from one damping

Characterization to another

Table 3.1 Relationship between damping characterizations

Output C 0 % of critical | g factor
Column damping
C 1 8/[@ny+&1" | o of critical | 1/(2 q)
damping/
100
5 215/ (1-0)'" 1 find C first find
first
% of 100 x ¢ find C first 1 50/¢q
critical
damping
g factor 1/(2¢C) | find C first 50/ % of 1
critical
damping
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Important Concept and Knowledge Questions

How is the reaction force due to viscous damping defined?
In the differential equation of motion for a damped, spring-
mass system, what 1s the correct sign for ¢, the linear
damping coefficient?

What 1s implied by a negative damping coefficient ¢?

What are ¢’s dimensions in the inch-pound-second, foot-
pound-second, newton-kilogram-second, newton-millimeter-
second systems?

What is the damped natural frequency?

What 1s the damping factor C ?

How is the critical damping factor defined, and what does
critical damping imply about free motion?

What is the log dec?
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Lecture 8. TRANSIENT SOLUTIONS 1, FORCED
RESPONSE AND INITIAL CONDITIONS

Introduction
Differential equations in dynamics normally arise from
Newton’s second law of motion, £f = m#. Accordingly, in

dynamics, systems of coupled second order differential equations
are the norm. Occasionally, the equation of motion for a particle

or rigid body has the form, y=d?y/dt*=g(y), and the energy-
integral substitution,
dy dy dy .dy d[y?
= =y = = ) B.1
dt dy dt * dy dyl 2 (B-1)

reduces the second-order equation, with time ¢ as the independent
variable, to the first-order differential equation,

d ¥
dy( 5 )=g(y) , (B.2)

with displacement y as the independent variable and 32/2 as the

dependent variable. Systems of first order equations arise in heat
transfer, RC circuits, population studies, etc.
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Undamped Spring-Mass Model
The undamped spring-mass system with weight acting as a
forcing function can be stated

Y+(DiY=w/m=g. (B.8)

The homogeneous differential equation is obtained by setting the
right-hand side to zero, netting in this case Y yt (x)i Y,=0. In

solving any linear second-order differential equation, we use the
following steps:

(1). Solve the homogeneous equation for Y, (¢), which will

include two arbitrary constants 4 and B,

(i1). Solve for the particular solution Y (7) that satisfies the
right-hand side of the equation,

(i11). Form the complete solution Y (#)=Y,(#)+Y,(¢), and

(iv). Use the_complete solution to solve for the two unknown
constants 4 and B that satisfy the problem’s 1nitial conditions.
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The formal solution to the homogeneous differential
equation, Y Wt (Di Y, =0, is obtained by assuming a solution of the

form Y, =Ae*' = Y, =s?4e*". We have previously developed
the homogeneous solution as
Y, =Acosw, t+Bsmw t, (B.9)

where © = k/m .

Any constant-coefficient linear ordinary differential equation
can be solved by Laplace transforms including the particular
solution. However, most particular solutions can be obtained by
an inspection of the right-hand side terms and the differential
equation itself. For Eq.(B.8), the right hand side 1s constant, and

a guessed constant solution of the form ¥ =c¢ = Y = Y ,=0

yields
(0+cw,)=g = c=-= = ¥, . Y,
®, mo,

where Y _=w/kis the static deflection due to the weight w. Note

that this particular solution 1s linearly proportional to the
excitation on the right-hand side of Eq.(B.8).
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The complete solution to ¥ + wi Y=w/m=g 1s

Y=Y, + Yp =Acosw, t+B sinc)nt+% : (B.10)

Assuming that the initial conditions are Y(0)=Y, , Y(0)=Y,,

we can first solve for the constant 4 via

Y,=4+E& = 4=7,-2 .
0)2 k

n
Similarly, Y=-4 o, sinw {+Bm cosw f,nets
Y,=Bo, = B=Y,/0,,

and the complete solution (satisfying the specified initial
conditions) 1s

Y
Y=Y, cosmnt+%(1—cosa)nt)+—0 sinw ¢ . (B.11)
®

n

Suppose the spring-mass system 1s acted on by an external
force that increases linearly with time, netting the differential
equation of motion,
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Y+ o Y = at . (B.12)

This equation has the same homogeneous differential equation
and solution; however, a new particular solution 1s required. By

inspection, a solution of the form ¥ =Dt = Y =D = Y =0

will work. Substituting this guessed solution into Eq.(B.12)
produces

a at
—+ = =
(0+w Dt) at = > Y, > -

Eq.(B.12)’s complete solution 1s now

Y=Acosw, t+B sinmnt Lt : (B.13)

2
®

n
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Table B.1 provides three particular solutions.

Table B.1. Particular solutions for Y i ooi Y =u(?).

Excitation, u(¢) Y (1)
_ 2
h = constant hlw,
at at/coi
bt? _2b b2’
4 2
(Dn O‘)n
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Consider the following version of Eq.(B.8)
Y + (oi Y = c+at+bt* .

Since this equation 1s linear, from Table B.1 and the
homogeneous solution defined by Eq.(B.9), from superposition,
the complete solution is

2
Y=Acosw, t+Bsino, t+i+— (—2b bt)

2 2
W, O‘)n O‘)n ©,

Spring-Mass-Damper Model
The equation of motion for a spring-mass-damper system acted
upon by weight can be stated

Y’+2§mnY+m§Y=% =g. (B.18)

The homogeneous solution 1s obtained (again) by assuming a
solution of the form ¥, =4e’ = Y=sde’ = Y, =s?4e*".

Substituting into the homogeneous differential equation nets

(s2+20m, s +0.)Ae’ =0 = (s2+2Lo,s+0>)=0 . (B.19)

This result holds, since neither A nor e*’is zero.
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The following three solution possibilities exist for Eq.(B.19):
(1). {=1, critically damped motion,
(i1). {>1, over-damped motion, and
(i11). <1, under-damped motion.

For (>1, the roots to the characteristic Eq.(B.19) are

s=-Co o0 JZ-1 =15 =-(0 +o yF-1<0

(B.20)
s,=-Co, - {F-1<0 .
Note that two real, negative roots are obtained, netting the
homogeneous solution,
Y,=de "' va,e 712" (B.21)

where 4,,4, are real constants. The overdamped solution is the

sum of two exponentially decaying terms.
For (=1 (critical damping), the characteristic Eq.(B.19)

produces the single root s = -®,, and single solution,

Y, =Ae “®’  This homogeneous solution (containing only one

constant) is not adequate to satisfy two initial conditions
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(position and velocity). For less than obvious reasons, the
complete homogeneous solution 1s

Y,=A,e "' +A4,te ™", (B.22)

where A4,,4, are real constants. The second term in this solution

also satisfies the differential equation as can be confirmed by
substituting forY, . The critically-damped solution is interesting

from a mathematical viewpoint as a limiting condition, but has
minimal direct engineering value.

For {<1, the homogeneous equation, Y L2000, Y + coz Y, =0 has
the solution form

Y, = e_Cm”t(A cos®,! + B sinm,t) . (B.25)

where 4,B are real constants, and ®,=, 1 - .

The particular solution for ¥ +2Cw, Y+ (Di Y=w/m=g 1is
Y, =g/ (Di =w/k, and the complete solution is
Lo, t . w
Y=e>" (Acosw,t + B sinw,t) + = (B.26)
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For the initial conditions, Y(0) = Y, , Eq.(B.26) yields

Y(0)=Y,=4+¥ = 4-v-% .
(O)=Fo=d= ° Kk
Differentiating Eq.(B.26) gives
Y = —Coane_cm”t (4 cosw,t + B sinw,f)

f e -Co,t

Hence, the initial condition, Y (0)= Yo , defines B via,

Y, = (0,4 + B

B:Y0+§(DnA:YO+ C

and the complete solution 1s

Y = e o' {(Yo‘%) COS®

Y,
P[22+ C (YO—K)] sino)a,t}+K :
Oy [1_ 2 k k

n
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Table B.2 provides three particular solutions for the spring-
mass-damper system.

Table B.2. Particular solutions for Y ,t2C0w, Y Lt coi Y =u(?).

Excitation, u(¢) Y (1)
¢ = constant C /wi
at a ,, 2C
—z(t ;)
O‘)n n
br* L 1)
2 ® 2
(Dn n (Dn
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As with the undamped equation, the following basic steps are
taken to produce a complete solution for ¥ +2 o, Y+ mi Y=u(t):

a. The homogeneous solution,

Y, (1) = e O (A cosw,t + B sinw,t), is developed for

Y,+2Cw, Y, + oai Y, =0 and involves the two constants 4 and
B.

b. The particular solution ¥ (¢) 1s developed to satisfy the
right hand side of the equation Y+ 200, Y+ (Di Y=u(t).

c. The complete solution, Y () =Y, (¢) +Y,(¢), is formed,

and the arbitrary constants 4 and B are determined from the
complete solution such that the complete solution satisfies
the initial conditions.
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@ _©® ¢
(a)
-
- kX
e
(b)

Figure XP3.2 (a). Cart
approaching collision, (b).
Free-body diagram during
contact

Figure XP3.2a illustrates a cart that 1s rolling along at the speed
v,- It has a collision-absorption unit consisting of a spring and

damper connected to a rigid plate of negligible mass. The
engineering tasks for this example are listed below:

a. Select a coordinate and derive the equation of motion.

b. For m=100kg, k=9.87E+04 N/m,
c=3.1416 E+03Nsec/m, v,=10m/sec determine the solution

for motion while the cart remains in contact with the wall.
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c. For arbitrary k and m, illustrate how a range of damping
constants ¢ producing 0 < (< 1will reduce the stopping time and

peak amplitude.

Solution: Figure XP3.2b shows the coordinate choice for x .
Contact occurs for x>0. The free-body diagram in figure

XP3.2¢ corresponds to x>0 and x>0, requiring compression in
the spring and damper. Applying Newton’s laws gives

mx=Y f=-kx-cx = mi+cx+kx=0,

with the initial conditions, x(0)=0,%(0)=v,. The spring and

damper forces are negative in this equation because they are
acting in the -x direction. There 1s no forcing function on the
right-hand side of the equation; hence, the homogeneous solution
of Eq.(B.2)5),

G

X = X,+x,= e “’ (4 cosw, ¢t + B sinw,t)+0, (i)

is the complete solution, and the velocity solution is
. -Co,t .
x =-Co e (A cosw,t + B sinw,?)

o (i)

+e 0,( ~Asinw,t + B cosm,t) .

Applying the 1nitial conditions gives
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v
x(0)=0=4 , ¥(0)=v,=Bo, = B=—".

04
Substituting back into (1) and (i1) gives

v - :
x ==L e ging ¢

04

(iii)

. Cvo -Co, 7z . -Cw, ¢
X = - e sinw,f +vy, e cosm,f ,

e

_ _ 2
where o =0, 1-C".

The cart loses contact with the wall when x(7,)=0. 7, is
defined from the first of Egs.(iii) by sin(w,7)=0 = o, T,==n".

The problem parameters net

1

The equation sin(®,7,) =0 has an infinite number ot solutions
defined by: o, T,=nn ;n=0,1,2,.
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®
n:\J£:J 9.87E+4N/m:31.416@ ~f=ns <Y _sp,
m 100 kg secC 2T sec
2C0)n=£ ~ - 3.1416 E+3 Nsec/m 05
m 2x31.146sec” 1 x100kg
_ 2 _ B rad
0,=0 /1-=31.416/1-0.25=-26.97 794
sec
®
f=—2 =429Hz = 1,2+ =0.233scc ; T,=n/w,=.116scc.
2T I

Plots for x and x(t) are provided below for 0 <7<T.
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Figure XP3.2 a. Position and b. Velocity solution following
contact

xversus t
02 a. Position
0.15
g 0.1 1 / \
E oo05
X
0 T T
D 0.05 0.1 0.15
-0.05
t (seconds)

=
N
!

Py
O

0@ \KOOB 0c8 01

t (seconds)

x odt (meters / seconds)

A Vonv o o

Moving to Task c, the cart’s forward motion stops, and the peak
deflection occurs at the time 7" defined by x(7 ") =0. From the

second of Eq.( 1i1), this “stopping time” T is defined by
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A% to.T* . tw.T*
X(T7)=0=- S e 0" sinw, T " +v,e “ont cosw,T7,
J1-0
(iv)
V1 =2 _ 2
~ tan(o,T7)= ICC = (DdT*=tan‘1(%)

The maximum value for T occurs at { =0and is defined by

0, T =0 T =7/2 ;

max n - max

i.e., one fourth of the natural period. From Eq.(1v),
sin(®,7*) =y/1-C*. The peak amplitude is defined by
substituting this result into the first of Eq.(111), netting

X Vo Co,T 4 Lo, T"
x(T") = x_,. =; e \/1—§2 = e . v)
d

For (=0, the peak deflection is

\ Yo
x(T )|z;:o :;

n
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Figure XP3.2c¢ illustrates the stopping-time ratio

r"_2 tan‘l(—vlc_cz)

T T

max

versus (. Increasing the damping ratio { from O to 1 reduces
the stopping time by 32% .

Reduction in stopping time

1.2

=0)
o
oo

T/ (T* @ zeta
o
(o)

0 0.2 0.4 0.6 0.8 1 1.2

zeta

Figure XP3.2¢ Ratio of stopping time for
0<(C<l1.
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Figure XPL10.d illustrates the peak deflection ratio

X

max

= e _CmnT*

(N

versus (. Increasing the damping ratio to (=1 decreases the
peak amplitude by 56%.

X(T*) X(T* @zeta = 0)
o o o o o o o
- N N (&) ] ~ oo (e} =

o
L

o
o
.

o
w
‘

Relative Reduction in Peak Amplitudes

I\

Figure XP3.2d. Ratio of
maximum deflection for
0<(<l1to the

=0 value.

0

0.2 0.4 0.6 0.8

zeta

1

1.2

We could increase the damping constant ¢ such that {>1;

however, the solution provided by Eq.(1) 1s no longer valid. For
C>1, the over-damped solution of Eq.(B.21) applies. For {=1,

the critically damped solution of Eq.(B.22) applies.

144



Lecture 9. More Transient Solutions, Base Excitation

Example Problem L.9.1
Consider the model mY +cY +kY =f(¢) with initial conditions

Y(0)=Y(0)=0 . The parameters k, m, and ¢ are defined by
k=9.87E+04 N/m, m=100Kg, and ¢c=314.16 Nsec/m. These
data produce:

o - k _ 9.87E+4N/m:31.416@
100 kg secC

~ - 314.16 Nsec/m _0.05

C
m 2x31.146sec” 1 x100kg

o,=0 y1-C=31.416,/1-0.0025 =31.38 794

SCC

®

fr= =59 4993 Hz , 1=+ =.200sec .

d 9 d
T SCC fd

The force f(¢)is defined by the half-sine wave pulse illustrated
below, and defined by

145



f(t)=f,smw t , 0<t<t =n/®,

AD)=0, t>1, .

where f,=w=mxg=100kgx9.81 m/sec* =981 N.

fversus time

—

5 .5888888

—

f ( Newtons)

0 005 01 0.15 02 025

t (seconds)

Figure XP9.1a Force excitation f(7)=981sinw, ¢ (Newtons),
O<t<t =m/o,; f(£)=0, t>1,.

Complete the following engineering analysis tasks:
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a. Determine the solution Y(¢)for O<¢<t, =n/w,.
b. Determine the solution Y(¢) for t>¢,.
c. Plot the solution for 0<#<37,

Solution. In lecture 11, we will develop the particular solution

for mY+cY+kY=f0 sinof as ¥ =Y sin(w?+y), where
Y

o 1
op k [(1 _7,2)2 n 4C2r2]1/2

\y(r)z—tanl( 26r ) .

1 - 2

, r=0/o, ,

Foro=0, = r=1,7Y, =(f/k(1/20)=/,/(2kC), y=-n/2,
and the particular solution 1s

Y =22 sin(w r-2)=-"2 cos(o, ¢

1= S, 5) = -5k cos(@,0)

The complete solution is
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Y=Y,+Y =e ot (A cosw, t+Bsinm,t)

—i Cos®, ? .
2k
A 1s solved via
Y(()):():A_i — :i
2kC 2kC

To determine B, we start with

Y=-Co e "™ (Acosw,t+B sinw )
+ e 0! (-Asinw ¢ +Bcosw,t)

o % sin 7 .

Evaluating,

(4 S 1

fi-e 2kyi-e

The complete solution satisfying the initial conditions is

Y(0)=0=-{w A+Bw, = B=
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_Jo 20 e “ (cos m t + :

sinw ) - cosm, ] ,
2k§ /1 _CZ

concluding Task a. Starting on Task b, from the data provided:
The solution for 0<¢<¢ =n/w, =0.100secis presented below.

At t=t,, the values for the position and velocity are

Y(t,)=.0145m,and Y(t,)=-.0105m/sec

Y dot versus time

3.00E-01
2.50E-01 -

2.00E-01

1.50E-01 / \
1.00E-01

5.00E-02 - \
0.00E+00 ‘ ‘ ‘ ‘

\
0.02 0.04 0.06 0.08 0.1 0.12

Y dot ( meters / seconds)

-5.00E-02 2

t (seconds)

Y versus t

1.60E-02
1.40E-02 -
1.20E-02
1.00E-02
8.00E-03
6.00E-03 -
4.00E-03 ~
2.00E-03 -
0.00E+00

Y ( meters)

0 0.02 0.04 0.06 0.08 0.1 0.12

t (seconds)
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Figure XPL9.1b Solution for Y(¢) and Y(¢) for
O<t<t,=m/o, .

For ¢>1,, the model reverts to m Y+cY+kY=0, and the solution

1S NOW
Y=Y, =e 0! (A cosm,t+Bsino )
Y=-Coe "™ (Acosw,t+B sinw,r)
+ e 0! (-Asinw,t+Bcosw,t).
We can solve for 4 and B via the ¢=¢ results Y(¢,)=.0145m,
Y(z‘l) =-.0105 m/sec from:
Y(#,)=.0145=¢ ™" (4 cosw t, + B sinw,t,)

Y(¢,)=-.0105=-Co e ot (Acosw t, +B sinw t,)

G

-, .
+o e "~ " (—Asinw,t, +Bcosw,t;).

Two equations for the two unknowns 4 and B.
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We are going to use ¢/ =¢-¢,, and “restart “ time for

t>t, = t'>0. We previously developed the solution in terms of
arbitrary initial conditions as

(Y, +Cow,Yy)

®,

_ Lo, / - /
Y=e [Y, cosm '+ sinw ;'] .

The 1nitial conditions for this solution are:
Y(¢t'=0)=Y(t=t,)=Y,==.0145m

Y(¢'=0)=Y(¢t=t,)=Y,=-.0105m/sec .

The solution for 0<#’'<(31,-¢,), t, <t<371, is presented below.

151



Y versus t'

2.00E-02
1.50E-02

—~ 1.00E-02 /\
[
& 5.00E-03 \ / \ //\\
[
E 0.00E+00 ‘ ‘ ‘ | |
> 5.00E-03 ¢ \0-1/ 0.2 W 0.4 &5 06

-1.00E-02 \_/

-1.50E-02

t' (seconds)
Y dot versus t'
4.00E-01

2.00E-01 /\ 7N\
/ /

0.00E+00
( A : ) >\/
-2.00E-01 v 0\2\/ 0 0.5 06

-4.00E-01 -

Y dot ( meters / sec)

-6.00E-01
t' (seconds)

Figure XPL9.1¢ Y(¢') and Y(z') for 0<t’<(31,-1,).
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Base Excitation

m - Y,,)l lg(r’— Y,)
k %c k N
y |2 2| c(Y - Yb)
l (h)
Yb
w
(a)
\
k T 4k
?(Y”_HT TE(Y”_”
C‘U}b - Y.)
(c)
Figure 3.15.

(a). Suspended mass and movable base. (b). Free-body diagram
for tension in the springs and damper, (¢). Free-body diagram for
compression in the springs and damper.

For free-body diagram b, assume that the base and the mass m
have positive displacements (Y>0,Y,>0) and velocities

(Y>0,Y,>0).

For zero base motion (Y, =0), the springs are undeflected when
Y=0.

153



Assuming that the m’s displacement 1s greater than the base
displacement (Y>Y, )means that the springs are in tension, and

the spring forces are defined by f =(k/2)(Y-Y,).

Assuming that the m’s velocity 1s greater than the base velocity
(Y>Y »), the damper is also in tension, and the damping force is

defined by f,=c(Y-7Y,).

Applying Xf=mF to the free-body diagram of figure 3.15b gives
the differential equation of motion

mY=EfY= —w—2X§(Y—Yb)—c(Y—Yb) ,OF
mY+cY+kY=—w+cYb+kYb :

For free-body diagram c , the base displacement is greater than
the mass displacement (Y, >Y). With this assumed relative

motion, the springs are in compression, and the spring forces are
defined by f, =(k/2)(Y,-Y). Similarly, assuming that the base

velocity is greater than m’s (Y p > Y) causes the damper to also

be in compression, and the damper force is defined by
fi=c( Yb — Y). The free-body diagram of figure 3.15C i1s
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consistent with this assumed motion and leads to the differential
equation of motion

mY=Xf,=-w+c(Y,-Y)+k(Y,-Y) ,or

mY+cY+kY=—w+kYb+cYb ,

The short lesson from these developments 1s that the same
governing equation should result for any assumed motion, since
the governing equation applies for any position and velocity.
Note that the following procedural steps were taken in arriving at
the equation of motion:

a. The nature of the motion was assumed e.g.,(Y,>Y) ,

b. The spring or damper force was stated in a manner that

was consistent with the assumed motion, e.g.,
f.=ki2x(Y,-Y),

c. The free-body diagram was drawn in a manner that was
consistent with the assumed motion and its resultant spring
and damper forces., i.e., in tension or compression, and

d. Newton’s second law of motionX f=m# was applied to
the free-body diagram to obtain the equation of motion.

Note: We have looked at only one arrangement for base
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excitation. Your homework has several examples for which the
same procedure works, but the final equations are different.
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Lecture 10. Transient Solutions 3 — More base Excitation
Example Problem XP3.3.

(a) (h)

L

Fr

m  — 1

—" 000 -

-

Figure XP3.3 (a). Spring-mass-damper system with an applied
force, (b). Applied force definition

Figure XP3.3a illustrates a spring-mass-damper system
characterized by the following parameters: (m =100kg,
k=9.87TE+04N/m, c=3.1416 E + 02 Nsec/m), with the forcing
function 1llustrated. The mass system start from rest with the
spring undeflected. The force increases linearly until
t=t,=n/®,=1,/4 when it reaches a magnitude equal to w=mg.
For t>¢, f(¢)=0.

Tasks: Determine the mass’s position and velocity at

t=t,=t, +2n/w,. Plot Y(¢)for O0<r<# and ¢, <r<i,.

Solution. This Example problem has the same stiffness and mass
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as Example problem 9.1; hence,

rad rad
o =31416— = f =5Hz , {=0.5 , ©,=26.97 —

SCC SCC

The equation of motion for 0 <z<m/w ,is

mY+cY+kY=ht

wo, ) N 0
———(100kg><9 81 xX26.97sec”")/m=8422.—.
T 8602 S€C

For t>n/w,, the equation of motion is m Y+cY+kY=0 .

We will use the solution for the first equation for ¢=#, =n/®, to
determine Y(¢,)and Y (¢,), which we will then use as initial
conditions in stating the solution to the second equation of
motion for ¢>¢,.

The applicable homogeneous solution is

Y, = e *™' (4 cosm,t + B sinw,t) , (i)
From Table B. 2 the particular solution for
Y+2§0) Y+ + @, ’Y=at, is

2
v,=L-25,

)}
(Dn n
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Hence, the particular solution for ¥ +2{w Y+ (Di Y=ht/m i1s

28y h,_ 28
(Dn) Al (Dn),

ok
Y, =" (t-

mo,

and the complete solution 1s

o : h 2
Y:Yh+Yp=e S0n! (A cosw,t + B Sln®d1)+%(1‘;§) (1))

n

The velocity is

Y= —C(Dne_gm"t (4 cosm,t + B sinw,t)

¢ (iv)

+ra e " (-Asinw,t + Beosm,t) +% .

Solving for the constants from the initial conditions gives
Y(0)=0=4-25" _ 4-26h
ko ko

n n

: 2 _
Y(0)=0=-Cw, A +(DdB+ﬁ ~ p=125-1) ;
k ko,

The complete solution satisfying the initial conditions i1s
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Y(t)= %{e [2C coswdt+( c-1 )sma)dt]

n (Dd
a2t v)
+(t-=)} ; O<t<1,.
n
The complete solution for # < 0 < ¢, 1s illustrated below
Yversust Ycttversist
0008 12E01
1.0E01
%0006 / -
o £ a0EQ;
e 0041 ;% 60ER)|
> 002 f ACE®)|
0 ‘ ‘ 20E®
0 0104} 01 015 QUEHD ‘ ‘ ‘ ‘ ‘ ‘
0 0@ 0¥ a0 aB Q1 0 o4
t (secondk)
t(seoo

Figure XP3.3 b. Solution for
0<t <t,.

The final conditions from figure XP3.3b are
Y(t,)=9.92E-02m/sec, and Y(¢,) =6.766 E-3m at
t,=n/®,=n/(27.207rad/sec) =0.1162sec.

For t>m/wm,, the equation of motion m Y+cY+kY=0 has the
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solution

Y=Y, = e (A cosw,t + B sinw i)

and derivative

Y= -(oe *™' (4 cosw,t + B sinw,t)

G

-Co, ¢ .
+oe " (—Asinw,t + Beosw,t) .

We could solve for the unknown constants 4 and B via
Y(¢,)=6.766 E-3m and Y(¢,) =9.92E-02m/sec. We are going
to take an easier tack by restarting time via the definition

t'=t-t,. Since,
DY _DY dt _DY
dt/ dt 4¢/ dt

the equation of motion is unchanged. The solution in terms of ¢’
1s

tot! ,
Y=e **" (4 cosw,t’ + B sinw,t’)

with the derivative

: ta f! .
Y= -(o,e ot (4 cosw ¢’ +Bsinw ")

G

Lo, t’ :
+ro e " (-Asino i’ +Bcoswt’) .
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where ¢/=¢-¢, Y(¢'=0)=Y,=Y(¢,)=6.766 E-3m, and
Y(t'=0)= Y,=Y(#,)= 992E OZm/sec Again, we are basically

restarting tlme to simplify this solution. Solving for the constants
in terms of the 1nitial conditions gives

Y,=4, Y0=—Ca)nA +0,B = B=(YO+§®nYO)/0)d ,

and the complete solution in terms of the 1nitial conditions is

(Y0+C®nYo)

@,

_ b, / - /
Y=e [ Y, cosw "+ sinw ;']

The solution is plotted below
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Y versus t'
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Example Problem Xp3.5

X xplt)
| ]

= K(Xxp-X)
Lnj—za b Et)
(b)
Figure Xp3.5 Movable cart with
base excitation. (a). Coordinates,

(b). Free-body diagram for
Xp>X,X,>X

Figure XP3.5a illustrates a cart that 1s connected to a movable
base via a spring and a damper. The cart’s change of position is
defined by x. The movable base’s location 1s defined by x;,.

First, we need to derive the cart’s equation of motion, starting
with an assumption of the relative positions and velocities. The
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free-body diagram of XP 3.4a is drawn assuming that x,>x >0
(placing the spring in tension) and x,>x >0

(placing the damper in tension). Applying Newton’s 2" law of
motion Y  f=m# nets

mx=Y f.=k(x,-x)+c(¥, -x)

L mx+ex+kx =CX, +kxb

()

In Eq.(1), the spring and damper forces are positive because they
are in the + x direction.

The model of Eq.(1) can be used to approximately predict the
motion of a small trailer being towed behind a much larger
vehicle with the spring and damper used to model the hitch
connection between the trailer and the towing vehicle. (Note: To
correctly model two vehicles connected by a spring and damper,
we need to Writez f=mF¥ for both bodies and account for the
influence of the trailer’s mass on the towing vehicle’s motion.
We will consider motion of connected bodies following the next
test.)

Assume that the cart and the base are initially motionless with the
spring connection undeflected. The base 1s given the constant
accelel.ration x,=g/5. Complete the following engineering
analysis tasks:

a. State the equation of motion.
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b. State the homogeneous and particular solutions, and state
the complete solution satisfying the initial conditions.

c. For w=300[/bs,k=776.lb/in,c =24.4lbsec/in, plot the
cart’s motion for two periods of damped oscillations.

Stating the equation of motion simply involves proceeding from
X, =g/5 to find x,,x, and plugging them into Eq.(1), via

Xp =X, (0) + f X, dt= f g it _%t

2

x,=x,(0)+ f xbdr 0

Substituting these results into Eq.(1) produces

g 2
mx+cx+kx=cx,+kx, =§(ct+k3)

The homogeneous solution 1s

x, = e "™ (4 cosw,t + B sinw,t)

We can pick the particular solutions from Table B.2 below as
follows
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Table B.2. Particular solutions for ¥ ,+2Cw, Y i c)i Y, =u(?).

Excitation, u () Y (1)
h = constant h/ (Di
at A (1-25)
(Di W,
be? L2 2 (-4
2 ® 2
®,, n ®,,
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zﬁi(,_z_c)zz_cg(t_z_c)
Sm ®

8K 2 oy =8 L2 8812 (140

2
10m P IOm(JD ®, (Dn

g .2 4Ct 2
lo[t > (D(l 4C°)] .

n n

The complete solution 1s

X = )Ch )C sz

— e ! (A cosm,;t + B sinmdt)

+ 268 20 2_4Ct _ 2
5 n(t (Dn) 1O[t o, (Dn(l 4C7) ]

The constant A4 1s obtained via,
2
x(0)=0-4-358__8 (1-40) - 4=£_

Swi 5(0 50)2

To obtain B, first
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x=-Co e 0! (Acosw,t+Bsinw,t)

-Co,t

+ e (-Asinw,t+Bcosw )

L2088 (2t—£) :
5m 10 ®

n n

Hence,

#(0)=0--(o A+o,B+2%8 288 p_ 86
So, S0 5o2y/1 -2

n

The complete solution satisfying the boundary conditions is

gq

x=e *O [% COS®,f + sinw 7]
50)n S(Di 1_C2 (i)
2 2 45t 2 N
P 258 (228 L B2 A2 (140
So, o, 10 O, o

n

and Eq.(11) completes Task b.

Moving towards Task c,
m=w/g=3001/bs/(386.4in/sec*)=0.766[b/(sec’in).
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o - ‘kz 776.1b/in 5. (o rad
m 776 1bsec?/in sec

. £.=31.62 rad  1cycle 503 cycles

=5.03 Hz
sec 2mrad sec
[ - c :24.4lb.secx 1 —0.497
2mm in

n

2 x . 776 snails x31.62sec™!

o,=0 1-C =31.62/1-0497> =27.4 794
SCC

. £,=274 rad  1cycle _4136 cycles
7" sec 2mrad sec

=436 Hz .

Two cycles of damped oscillations will be completed in
2 %1 seconds, where

t,=1/f,=1/4.36(cycles/sec) =0.229sec/cycle. The solutions
are shown below.
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x versus t
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Discussion. After an initial transient, the relative displacement
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(x, —x) approaches a constant value (x, -x)=0.078in, while the
relative velocity approaches zero; 1.e., (X, -x¥)=0. The scaling
for x(¢)hides the initial transient, but the plot shows quadratic
increase with time, which is consistent with its constant
acceleration at g/5. The spring force
k(x-x,)=(776.1bs/in)*x.078in=60.1/bs, while the force
required to accelerate the mass at g/5 1s

Ibsec )% 386.4

in?

F=mi=0.776( =601bs .

Hence, the asymptotic value for(x, -x) creates the spring force
required to accelerate the mass at g/5.
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Example XP3.6
Think about an initially motionless cart being “snagged” by a
moving vehicle with velocity v, through a connection consisting
of a parallel spring-damper assembly. The connecting spring is
undeflected prior to contact. That circumstance can be modeled
by giving the base end of the model in figure XP3.5 the velocity
Vys 1.6, X, =V, = x, =x,(0) +v,f=v,¢, and the governing
equation of motion 1s

mx+cx+kx=cv,+kv,t , (iii)

with initial conditions x(0)=x(0)=0. The engineering analysis
tasks for this example are:

a. Determine the complete solution that satisfies the 1nitial
conditions.

b. For the data set, m=10kg, k=1580N/m, and
c=1257N/m, determine ® ,C,®,,.

c. For v,=20km/hr produce plots for the mass displacement

x (1), relative displacement x,(#) -x(¢), and the mass
velocity x(¢)for two cycles of motion.
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Solution. From Table B.2, the particular solutions corresponding
to the right-hand terms are:

cV, K27 _ZCVO
m PL ol O
kv kv
A UPEN xpz——oi(t Z_C)zvo(t_z‘;)
m m 0)2 n n

The complete solution 1s

— — _(:(Dnt 1
X=X, +X X ) =e (A cosw,t + B sinw,t)

2Cv
+ Y +v0(t—2—C).
n (Dn
Solving for 4,
2Cv, 2Cv
x(0)=0=4+ Y 26V = A4=0 .
(Dn (Dl’l

Solving for B from

i=-Co e " (Adcosw,t+Bsinw, i)

-o ¢ .
+0 e ~O (-Asinw,t+Bcosw,t) +v, ,
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gives

.
x(0)=0=-Co A+0,;B+v, = B=-— ’
W4

The complete solution satisfying the initial conditions is

v, _ , 2Cv
=0 oo sine 7 + % E) ,

®,

+V, (-

n

which completes Task a.

For Task b,
mn=J£-J 1580 _ 1, 577ad
m 10 sec
. fi=12. 57md leycle 2cycles 5 Hy
sec 2mrad sec
[ = C :1257Nsecx 1 _05
2me, m  2x10Kgx12.57sec!
0,=0,)/1-C =12.57/1-0.5? =10.89 7%
Sec

- f,-10.89794 Laycle _y gycles _y 73p,
sec 2mrad sec
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From the last of these results, the period for a damped oscillation
is t,=1/f,=0.577sec.

For Task c,
vy =20km/hrx1hr/3600secx1000m/km =5.55m/sec. The
figures below illustrate the solution for two cycles of motion.

x versus t
7
6 4
~ 5
&
o 4 -
©
€ 3-
X 2
1 -
O T T T T T
0 0.2 0.4 0.6 0.8 1 1.2
t (seconds)

Xx_b -xversus t

0.25
02 /\
0.15

0.05

D 0.2 \0/0.6 0.8 1 112

(x_b -x) ( meters)

-0.05 -

-0.1

t (seconds)
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x dot verus t

/T

/

x dot ( m / sec)
O =~ N W~ Or ON

o

0.2 04 0.6 0.8 1 1.2

t (seconds)

Discussion. The first and last figures show the mass rapidly
moving towards the towing velocity v, =5.55m/sec. The second
figure shows the relative position approaching zero. Note that at
about 0.3 seconds, the towed cart appears to actually passes the
towing vehicle when(x, —x) becomes negative. However, the
present analysis does not account for the initial spring length. A
the towed vehicle could “crash” into the back of the towing
vehicle, but it’s not likely. You could plot (v, -x,) to find the
relative velocity 1f impact occurs.
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LECTURE 11. HARMONIC EXCITATION

Forced Excitation
mY +cY + kY = f,sinw? . (3.32)

Dividing through by the mass m gives
Y+ 200, ¥ + o, Y = (f/m)sinot . (3.33)

Seeking a particular solution for the right hand term gives
Y = C sinot + D cosot

p
Yp = oC cos®ot - D sinwt (3.34)
Y = - @ C sinot - ®* D coswt.

Substituting this solution into Eq.(3.32) yields
(-w* C sinot - @’D cosw?)

+2C00,(C ocosot - oD sinw)

+(Di (C sinwt + D coswt) = (f,/m) sinwt .

Gathering the sinw? and cosw? coefficients gives the following
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two equations:
sinot: ~0*C-2{w,0D+w0.C=f/m

coso?: ~o’D+2{o,0C+w.D=0.

The matrix statement for the unknowns D and C is

((Di - 0)2) —ZC(Dn(D | {C } ) {fo/m }
20,0 @ - (2] [0 ]

Using Cramer’s rule for their solution gives:

- l fo/m —ZC,(Dn(D ] f‘o(wi _ (DZ)
Al 0 (0 - @) mA
(3.35)
oo (0> - ) f,/m f, 2 (o,0
Al 200 o 0 mA |

where A is the determinant of the coefficient matrix defined by

A= -0 +40 0 .
The solution defined by Eq.(3.34) can be restated
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Y (t) = C sinot + D cosot

Y, sin(o?+y) (3.36)

=Y, (sin®? cosy + cosm? siny)

where Y, is the amplitude of the solution, and v is the phase
between the solution Y ( ¢ ) and the input excitation force
f(¢t)=f sinwt. Figure 3.11 illustrates the phase relation between

f(¢) and Yp(z‘), showing Yp(t) “leading” f(¢) by the phase
angle .

~-Y

Figure 3.11 Phase relation between the response Y,(¢) and the

input harmonic excitation force f(#) =f sinw?.
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The solution for C and D provided by Eq.(3.35) gives:

f 1 2 2\2 2 1/2
=2 — (0, - @) +4C o, 0
ol @ - 0 40 ) 0
5 1
m [ (0> - 0% + 4 C o) o ]1/2
e 1
212 2 172
k) I - (@, 2P+ 4o/,
m
where
® _ Y A .
— =Frequency ratio =r ; = static deflection
(Dn
Amplification Factor
Y, 1
L = = H(r) . (3.38)

folk {11 - 2P+ 422

The maximum amplification factor H(r)1s found from
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dH(r)/dr=0 as

ro=J1-20 (3.402)

Note that 0= = r=1

H(r=1)=2iz;éq—factor

This is another way to characterize damping.

Eqgs.(3.35) and (3.36) define the phase as

L, _
v(io/o,) =tan‘1(2) = tan"! -,
¢ (@, - o)
] o _ (3.39)
4| 28(0/w,)
=— tan :
1 - (0/w,)?

Complete Solution

Y=Y,+Y =e _m”t(A cos®,f +Bsinw ) + Yopsin(mtﬂy) :
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The particular solution 1s frequently referred to as the”’steady-
state” solution because of this “persisting” nature. It continues
indefinitely after the homogeneous solution has disappeared.

2
1 |

Y_h(t) O /\ /\ N rm—~——————
\/ N\

1

-2
0 3) 10 15 20
omega t
2
N A
> o « SN/
3 O | > ' T\
-2
0 3) 10 15 20

omega t

Figure 3.15 (a). Homogeneous solution for {<1.
(b). Complete [Y(#)=Y,(¢) +Y,(¢)]and steady-
state particular solution Y (#)for harmoinc

excitation fo SINM ¢
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Amnlitiida fartar Hir)

Figure 3.13 Amplification factor for
harmonic motion
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Figure 3.14 Phase angle for harmonic excitation.
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Example Problem 3.8 The spring-mass-damper system of
figure XP 3.8 is acted on by the external harmonic force
f=/, coswt, netting the differential equation of motion

mY + cY + kY = f_cosm? . (i)

For the data, m=30kg , k=12000 N/m , f_ =200 N, carry out

the following engineering-analysis tasks:

a. For ¢ =0, determine the range of excitation frequencies
for which the amplitudes will be less than 76 mm,

b. Determine the damping value that will keep the steady-
state response below 76 mm for all excitation frequencies.

——» f, COS Wi

Figure XP3.8 Harmonically excited spring-mass-damper
system.
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Solution. Note first that Eq.(i) has f, cosw? as the excitation
term, versus f sinw¢ in Eq.(3.32). This change means that the
steady-state response is now Y (7) =Y, cos(@?+y)instead of
Y (¢)=Y,,sin(wt+y)of Eq.(3.36). The steady-state

amplification factor and phase continue to be defined by
Eqgs.(3.38a) and (3.39), respectively. From the data provided, we
can calculate

®, =y k/m =4/12000/30 =20rad/sec

=f,/k=200N/(12000N/m) = 1.667x10*m .

6staz‘ic

The amplification factor corresponding to the amplitude
Y,, =76 mm=7.6X% 1072m is

H(r)=7.6x1072m/(1.667x1072m)=4.56. Looking back at
figure 3.14, this amplification factor would be associated with
frequency ratios that are fairly close to »=1. For zero damping,

We can use Eq.(3.38a) to solve for the two frequency ratios, via
Y
% - 1 —~ 4.56- 1 ,
fo/k [(1 - 1”2)2 + 4C2r2]1/2 [(1 - 7‘2)2]1/2

Restating the last equation gives

1—2r2+r4=%=.0481 L 42124950 =0 |
4.56
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Solving this quadratic equation defines the two frequencies by:

ri=.781 = r,=.883 , o, =r xo =.883x20rad/sec
=17.Trad/sec

ry=1.10 = r,=1.05 , @,=r,xo_=1.05x20rad/sec
=21.0rad/sec .

As expected, o, and o, are close to the natural frequency o .

The steady-state amplitudes will be less than the specified 76
mm , for the frequency ranges, 0<w<w, =17.7rad/secand

©>w, =21.0 rad/sec, and we have competed Task a.

Moving to Task b, the amplification factor is a maximum at

r=y1-C, and its maximum value is H__ =1/2¢y1+2C*.

Hence,

H -— 1 _456-(=-.1084,

T oagfiae

and the required damping to achieve this C value is, from
Eq.(3.22),
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¢=2Cw, m=2(.1084)(20.79%) (30kg) =130.0 Nsec/m .

SCC

Note that the derived units for the newton is kgm/sec?; hence,
kg/sec = Nsec/m. Damping coefficients of this value or

higher will keep the peak response amplitudes at less than the
specified 76 mm, and Task b is completed.

w

!
i% %C i .Y .
y |2 2| C(Y— Yb)
(b)
Yy
w
(a) 1
L, - n} T T%(Yb—l’)
c(};b - Y)

(c)

Figure 3.15. (a). Suspended mass and movable base. (b). Free-
body diagram for tension in the springs and damper, (c). Free-
body diagram for compression in the springs and damper.
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Harmonic Base Excitation. Base harmonic base motion can be
defined by Y, =4 sinwt?, Yb =4 owcosw?, and

mY+cY+kY=-w +kYb+cYb becomes

mY+cY+kY=-w+kAsinot+cA®m cosot .

Dividing through by m gives
Y+2Cm Y+ (Di Y

=-g +A(mi sinoot+2§oanoa COsSm™?)

=-g+Bsm(ot+@) (3-41)

=-g+B(sinm?cos@ +cosm’sing) .

We can solve for B and ¢ from the last two lines of this equation,
obtaining

B=Aw,[1+4C(0/0, 1", ¢=tan'[25(-)] . (3.42)
O‘)n
Looking at Eq.(3.41), our sole interest 1s the steady-state solution
due to the harmonic excitation term Bsin(®wz+@).

Based on the earlier results of Eq.(3.36), the expected steady-
state solution format to Eq.(3.41) 1s

Yp:YOPSin(wt_'_(P-i_\ll) 2 (3.43)
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with y defined by Eq.(3.39). This solution is sinusoidal at the
input frequency o, having the same phase lag v with respect to
the input force excitation Bsin(w? +¢) as determined earlier for

the harmonic force excitation f(¢) =f sin(w?).

Comparison Eqs.(3.33) and (3.41), shows B replacing f,/m.
Substituting B =f,/m into Eq.(3.37) gives

B . 1
o; {[1 - (0/0,’ + 4C(o/o, )"

op

[1+48(w/w, )]
{[1 _ (O)/O)n)2]2 n 4C2(O*)/O*)n)2}1/2 .

-4 -

Hence, the ratio of the steady-state-response amplitude to the
base-excitation amplitude is

Yo o [1+40r2)7
A [ (1 _ ’,.2)2 " 4(;2’,.2]1/2

= G(r) . (3.44)

Figure 3.16 illustrates G(7), showing a strong similarity to
H(r)of figure 3.13 with the peak amplitudes occurring near
r=o/m =1. For =0, the two transfer functions coincide. The

maximium for G(r) is obtained via dG(r)/dr =0, yielding
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_ o o212
" max 2(;[(1 8C°) ' "-11"~. (3.46)

Amplitude of Motion for Support Motion

10

9 | J‘— —0.025

(). 075

8 0.125

frequency ratio (r)

Figure 3.16. Amplification factor G(r) defined by Eq.(3.44).

From the trigonometric identity
tan(a +P)=(tano + tanP)/(1 - tanatanP), we can use

Egs.(3.39), (3.42), and (3.43), to define the phase between the
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steady-state solution ¥ =Y sin(w?+@ +y) and the base

motion excitation Y 5 =4Asin®t as

_ 3
¢ +y =tan!( : jg . (3.45)
+40 -r
k k .
SEHES Y, = A sin (2nx/L)

AN “a

A
Y

Figure XP3.9. Vehicle moving horizontally along a path
defined by Y, =4 sin(2nx/L), A=.03m , L=.6m .

The vehicle has a constant velocity v=x =100 km/hr. For
convenience, we will assume that it starts at x=0; hence,

x=x, +51 =0+ 100( A7) x (LA, 1000m
hr 3600sec 1 km

t=278tm ,

and, substituting into Y, =4 sin(2nx/L)=Asm(2n/L)v¢,

192



2Xx27.8¢
.6

Y, (¢)=.03 sm( ) =.03sin(291.¢t)m . (ii)

From Eq.(i1), as long as the vehicle’s tires remain in contact with
the road surface, the vehicle’s steady velocity to the right will

generate base excitation at the frequency
® =291.rad/sec, f=46.3 hz and amplitude .03 m. Driving

faster will increase the excitation frequency; driving slower will
decrease it.

Tests show that the vehicle’s damped natural frequency 1s 2.62
Hz, and the damping factor is {=.3. Carry out the following

engineering-analysis tasks.

a. Determine the amplitude and phase of vehicle motion for

100&km/ hr.

b. Determine the speed for which the response is a
maximum and determine the response amplitude at this
speed.

Solution. For Task a, First, the undamped natural frequency 1s

defined by f, =f,/{1 - =2.62/y/1 -.3* =2.5 Hz. the frequency
ratiois r =0/ _=46.3/2.5=18.5. Hence, from Eq.(3.44),
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Y, _ [1+4(.3%)(18.5)*]"2 _ 0326
A [ (1 - 1852 + 4(.3%)(18.5)]1/2] (i)

- ¥, =.0326(.03)=9.77x10"* m =.977 mm.

From Eq.(3.45), the phase of m’s motion with respect to the base
excitation is

_ 3
0oy tan-1[_—2(D185
1 +4(32)-18.52
(11)
_1, — 3813
=tan ! = -95.1 degrees
(Sa) s

which concludes 7ask a.

The response amplitude will be a maximum when r=r___as
defined in Eq.(3.46), 1.¢.,

_ 1 LRp2\/2 17172

" max 2C[(1 8C°) ' “-1]
_ . 211/2 _ 12 1/2 _
(L1 #8372~ 131220930

Hence,
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o= 2Txv(m/sec) _ 0.930% @,
.6m

-0.930x2.5.cle 2mrad _yy grad
' " sec  leycle  sec

S Y= '6(14’6) :1.4()&:1.40)(( 100k77’l/h7"
2m seC 27.8m/sec

=5.04 km/hr.

)

From Eq.(3.45), at this speed, the steady-state amplification
factor is

Yop _ [1+4(.32).930%]'/2
A [ (1 - 0.930%)? + 4(.3%).930*]"2

= 1.99 ,

» ¥,,=.03(1.99)=.060 m .
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Steady State Amplitude for Relative Deflection with
Harmonic Base Excitation

)
ié *c i + ¥ .
Y |2 2| C(Y— Yb)
(b)
Yb
w
(a)
\
A Ty- nt 4 T%(Yb— 9
C(};b - }})

(c)
The EOM,
mY+eY+kY= —w+kYb+cYb :

can be written

m(Y-Y,)+c(Y-Y,)+k(Y-Y,)=-w-mY, or

mo +cd +kd= —w—mYB :
Hence, for harmonic base excitation defined by Y, =4 sinw?, the
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EOM is

mo+cd+kd=mAw?sino? . (i)

We dropped the weight term -w 1n arriving at this equation,

which 1s equivalent to looking at disturbed motion about the
equilibrium position. We want a steady-state solution to Eq.(1) of
the form, 6 =Asin(wz+p). Eq.(1) has the same form as

mY +cY + kY = fsinot . (3.32)

except mA®* has replaced f,- Hence, by comparison to

Y 1

op

fo/k B [(1 _ 1”2)2 n 4c2r2]1/2

= H(r) ; r=o/o,, (3.38)

the steady-state relative amplitude due to harmonic base
excitation 1s

A A - A _H»; r-ole,

mAa)z/k } A(E)Z Ar?
®

n

A rrH(r) = r’ = J(7)
A [(1 _ ,,2)2 N 4C2’”2]1/2 '
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Anglitude Regponse for Rotating Inbalance

— 005
9 / —0o»
—of

Amplitude factor J(r)
(6]

0 05 1 15 2 25
frequency ratio (r)

Figure 3.18. J(r) versus frequency ratio r=o/®, from

Eq.(3.49) for a range of damping ratio values.

Example Problem 3.9 Revisited. Solve for the steady-state
relative amplitude at v =100 km/hr as

= 18.52
[ (1 - 18.5%)* + 4(.3%)(18.5)*]"2

~» A=.03x1.002=.030 m =30. mm.

= 1.002

A
4

This value 1s much greater than the absolute amplitude of motion
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Yop =0.977 mm we calculated earlier. This result shows that

while the vehicle has small absolute vibration amplitudes, its
base is following the ground contour; hence, the relative
deflection (across the spring and damper) is approximately equal
to the amplitude of the base oscillation.

Example Problem 3.10. An instrument package 1s to be
attached to the housing of a rotating machine. Measurements on
the casing show a vibration at 3600 rpm with an acceleration
level of .25 g. The instrument package has a mass of .5 kg.
Tests show that the support bracket to be used in attaching the
package to the vibrating structure has a stiffness of 10° N/m.
How much damping is needed to keep the instrument package
vibration levels below .5 g?

Solution. The frequency of excitation at 3600 »pm converts to
® =3600rev/min x (1min/60sec) % (2nrad/rev) =377.rad/sec.

With harmonic motion, the housing’s amplitude of motion is
related to its acceleration by a=.25g = - w4 ; hence, the
amplitude corresponding to the housing acceleration levels of .25
g1s

A=.25(9.81m/sec?)/377.2=1.726x10"m=.017 mm .

Similarly, an 0.5 g acceleration level for the instrument package
means 1ts steady-state amplitude 1s
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Y,,=.5(9.81m/sec®)/377.2=1.726x 10> m =.034 mm .

Hence, the target amplification factor is G=0.034/0.017=2.

The natural frequency of the instrument package 1s

o, =Vk/m=y10°N/.5kg =447 2rad/sec .

Hence, the frequency ratio is r=w/w,=377./477.=.79.

Plugging »=.79 into Eq.(3.44) gives

Yoo 5 [1+482.79%]" 4l 1424960
A [[(1 - .79%) + 402797 1413 +2.496 2

The solution to this equation is (*=.058 = {=.241. Hence, the
required damping is

¢=2Cm m=2(.241)(447.2799)( 5kg)=215.5 Nsec/m ,
SC€C

which concludes the engineering-analysis task. Note that the
derived units for the Newton are kgm/sec?; hence, kg/sec nets
Nsec/m. Note that, since only one excitation frequency is
involved, we could have simply taken the ratio of the
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acceleration levels directly to get G=2.
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LECTURE 12. STEADY-STATE RESPONSE DUE TO
ROTATING IMBALANCE

(b)
Figure 3.18 (a) Imbalanced motor with mass
m, supported by a housing mass m, (b) Free-
body diagram for Y>0, Y>0

The product m_a is called the “imbalance vector.” Y defines
m’s vertical position with respect to ground. From figure 3.17A,
m_ ‘s vertical position with respect to ground is

Y =Y+asinot = Y, =Y-awo’sinot . (3.46)

The free-body diagram of figure 3.17B for the support mass
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applies for upwards motion of the support housing that causes
tension in the support (Y >0)springs and the support
damper(Y>0). The internal reaction force (acting at the
motor’s bearings) between the motor and the support mass 1s
defined by the components (O, Oy).

Applying Xf=m# to the individual masses of figure 3.17B
gives:

2fy=-w, +0y = muf}u =mu(Y—aw2 SIn® )

ZfY=—w—OY—kY—cY=mY ,

where Eq.(3.46) has been used to eliminate Y’ ,- Adding these
equations eliminates the vertical reaction force Oy and gives the
single equation of motion,

(m+m )Y+cY+kY=-(w+w,)+m ao’sinot . (3.47)

This equation resembles Eq.(3.32),
mY +cY + kY = fsinot . (3.32)

except (m+m,) and m_ a®* have replaced m and f,
respectively. Dividing Eq.(3.47) by (m+m,) gives

2
. . m a®
V420w Y+@.Y=-g+ ”M sinw? (3.482)
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where,

M=(m+m),) , 2Coon=i . @o=

k
T O (3.48b)

We want the steady-state solution to Eq.(3.48a) due to the
rotating-imbalance excitation term [(m, a®?)/M] sin(w?)and are
not interested in either the homogeneous solution due to 1nitial
conditions or the particular solution due to weight. Eq.(3.48a)

y - Lo 1
op ’ 3.37

has the same form as Eq.(3.32) except muacoz/ M has replaced
fo/m. Hence, by comparison to Eq.(3.37),

the steady-state response amplitude due to rotating imbalance is

v o m,a®’ 1
°* M 2 212 2 2 o |12
(0} - o) + 4l |
m,aw? 1

M), {11 - @olP + 40(olw,)”

n

and the amplification factor due to the rotating imbalance is
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m, 72
Y, /a(—2) = — = J(r) .
M™ [ (1 - 722 + 40
Anmplitude Response for Rotating Imbalance
10
«—0.025
9 /_o.%
e 0,1
8 0125
,—025
7 —05
§ 075
5° —1
;3 5
=
S
<
3,
2,
14 — e —
0 ‘ ‘ \ 1 \
0 05 1 15 2 25
frequency ratio (r)

(3.49)

Fi

gure 3.18. J(r) versus frequency ratio 7 =/, from Eq.(3.49)

for a range of damping ratio values.
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Figure XP3.4 Industrial blower
supported by a welded-frame
structure.

The support structure i1s much stiffer in the vertical direction than
in the horizontal; hence, the model of Eq.(3.48a) , without the
weight, holds for horizontal motion. This unit runs at 500 rpm,
and has been running at “high” vibration levels. A “rap” test has
been performed by mounting an accelerometer to the fan base,
hitting the support structure below the fan with a large hammer,
and recording the output of the accelerometer. This test shows a
natural frequency of 10.4 Hz = 625 rpm with very little damping
(C=.005). The rotating mass of the fan is 114 kg. The total
weight of the fan (including the rotor) and its base plate was
stated to weigh 1784 N according to the manufacturer. Answer
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the following questions:

a. Assuming that the vibration level on the fan is to be less
than 0.1g, how well should the fan be balanced; 1.e., to what
value should a be reduced?

b. Assuming that the support structure could be stiffened
laterally by approximately 50%, how well should the fan be
balanced?

Solution. In terms of the steady-state amplitude of the housing,
the housing acceleration magnitude is |a,| =0°Y, =0.1g,
where g=9.81m?/sec. Hence, at

o = 500( re.v )x( lmm)x(2nmd):52.36@ ,

min 60sec 1rev secC

the housing-amplitude specification is:
Y,,<0.1x9.81 /52.36*=3.578%x10 *m =.358 mm .

Applying the notation of Eq.(3.49) gives

M=W/g=1784./9.81=181.9kg ; m =114kg .

and r=w/m_ =500/625=0.8. Applying Eq.(3.49) gives
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m
Y Ja(vy - 0.64 - 177 .

FOOUMT [(1-0.64)*+4(.005)%(.64)]"2

Hence, the imbalance vector magnitude a should be no more
than

a=Y, /(—)/177 358mm/(114/182.)/1.77 =323 mm

which concludes Task a. Balancing and maintaining the rotor
such that a<.323mm(.013in) for a 114 kg fan rotor is not easy.

Moving to Task b, and assuming that the structural stiffening
does not appreciably increase the mass of the fan assembly,
increasing the lateral stiffness by 50% would change the natural
frequency to

1.5x%k

o, (new)= =y L.5xw _(old)=1.225%625rpm =765rpm .

Wlthastlffened housing, r,, =w/®_ =500/765.=0.653,
new— 427. Since 20, —c/M=> C c/l2Mo, —c/2\/kM

c 1 c 1
Cota = x

20 oy 2 e

Hence,
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] kold) _{(old) _ .005 _
C(new) z;(old)J fnew) (151233 004 .

Further,
Yop/a(&) — 0.427 - 745
M [(1-0.427)%+4(.004)%(.427)]"?
and

a=Y, /(m,/ M)/.745 =358 mm/(114/182.)/.745
=.767mm (.030in) '

Hence, by elevating the system natural frequency, the imbalance-
vector magnitude can be .767/.323 =2.4 times greater without
exceeding the vibration limit. Stated differently, the fan can
tolerate a much higher imbalance when its operating speed  1s
further away from resonance.

Typically, appreciable damping 1s very difficult to introduce
into this type of system; moreover, increasing the damping factor
to (=.05 in Task a reduces only slightly the required value for a
to meet the housing-acceleration level specification. Damping
would be more effective for r=w/®, =1. Of course, the
vibration amplitudes would also be much higher.
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Table 3.2 Forced-excitation results where r=o/o,.

Applicatio | Transfer Amplitude Ratio r for maximum
n Function response
Forced | y . 21 —— ro V1 =28

P =H(r [(1 - r%)* + 4(r7]
Response AT (r)
Y, 1+4%r2]1/2 1 N1/2
Base 2 _G(r) [ r =1 [(1+80) -1
Excitation | [ (1 =72y - 48] 2
2
Relative Ay (r) ! - 7o = b
Deflection | 4 [ (1 - P22 + 4% J1-28
with Base
Excitation
: re 1
Rotating . - o =——
Tmbalance | Yop/9(— [ (1 - 72 + 4037 J1-282
=J(r)
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