Lecture 17. MORE TRANSIENT MOTION USING
MODAL COORDINATES
Example

Wy
] calyy v
‘ )
L [N ]

1o
|

1 55
} L: ks 1 Aoz
At Contact

At the left is an assembly that is released from a height # =2f¢

above the ground. In the middle, the assembly has just contacted
the ground. The subsequent positions of m, and m, are defined,

respectively, by y, and y,. At the time of contact,
¥,(0)=y»,(0)=0, and
$,(0)=5,(0)=v,=y2gh=2%32.2x2=11.35ft/sec .

Engineering-analysis tasks:
a. Draw free-body diagrams and derive the equations of motion.

b. State the matrix equations of motion.
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c. Solve for two cycles of motion for the lowest natural
frequency.

Equation of Motion from Free-body diagrams:
mJy :Efyl =w; k(¥ =»,) —¢; (¥, -5,)

(1)
myy, :Z:fy2 =W, ~ky Y, — 0, vy (Vy — ) v (9 -0,)
Matrix Format:
m, 0 b2 c -C, V1
s + . +
0 m | |7 ¢ (*6) | |7
\ (2)
ky kK N Wi >
ko (kitky) | (>, w, | .

Equations for Modal Coordinates using Modal damping to
account for internal damping

(@);+[280,1(d) +[A1(g) =(Q)) = [4°1°(f)
_ A5 4y {WI } _
A1*2 4y | M2
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b3 b3
Apwy + Ayw,

*

* *
Apw, + Apw,




Component modal differential equations:

o . 2 _ g * *
G, +28,0,,4; +@,;9, =0 =A;; w, + Ay w,

3)

. . 2 * *
G2 +28,®,,4, +©,,q, =0, = A, W T Ap W, .
The homogeneous version of Eq.(3) is
. . 2 . . 2
G1p 280,17 @, 91,70 5 G5, +28,0,,4,,+®,,9,,=0 ,

with solutions:

g,,(t)=e 1" (4, cosw 1+ B, sinw,, 1)
g,,(t)=e _sz"zt(AZ CoOS® ;¢ +B, sinw,,t) .

The particular solutions q,,(1),9,,(?) corresponding to Eq.(3)
are

* * 2 _ * * 2
gy, = (A Wy + Ay wy) @y 5 4y, = (A Wyt Ay wy)/,;

yielding the complete modal-coordinate solutions
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*
(Al*l wy + A4y w,) .\

q,(t)= . e_t;‘m"’t(Alcosoodlt+B1 sin®,; 1)
®,;

A A,
(A w +Apw,) ro 2@

2
O‘)nZ

n2t -
(4, cosw,t+B,sinm,,t) .

q,(1) =

The constants 4,,B; must be determined from the modal-
coordinate initial conditions.

The modal-coordinate initial conditions are defined by

(qO) =[4 *]T[M](yo) .

Similarly, the modal-velocity initial conditions are defined by

(do) =[4"TTM]I(,) -
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A previous undamped model had the physical parameters:

m,=150kg,m,=100kg , k,=k,=1.5x10*N/m,

yielding

150 O
0 100

[M] =

b

1.5x10* -1.5%10*
-1.5x10*  3.0x10*

_{1457}
i ogy [

The eigenvalues and natural frequencies are:

o.;=41.886sec? = o, =6.4720sec”!
®.,=358.11sec? = ®,,=18.924sec™" .

The matrix of normalized eigenvectors is
073767  .035002

[47] = -
042866  -.090344
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From,
o . 2 _ g * *
G, +26,0,,4; +@,;9, =0 =4y w, + Ay w,
. . 2 _ _ * *
G2 +28,®,,4, +©,,9, =0y =AWy T Ap W, ,

the model (with 5% modal damping) is

3)

g,+6474,+41.886g,=149.5
g,+18924,+358.11g,=-37.63

- o}

073767  .035002
.042866  -.090344

From (g,) =[4 *1 [ M]1(y,). the modal-coordinate initial

conditions are zero. From (g,) =[4 *1"[M](¥,), the modal-

velocity initial conditions are

dio | [.073767 042866 150 0
gy | 1035002 -.090344] 0 100

11.35
11.35

5.2503 -9.0344] | 11.35 -42.95
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11.065 4.2866 | {11.35 } { 174.22 }




Substituting into,

AL w, +A,w _
ql(t)=( 11 W 74y 2)+e 0,

5 (4, cosw, t+B, sino,t)
O‘)nl
Ao w, + A, w o
qz(t):( Ll 5 2 W) re (4, c08® 4, +B, sin® 1) ,
C")nZ
nets
g,(t) = 41142656 +e 0354 ¢0s6.4621+B, sin6.4621)
a,(f) = ;535216? +e0961(4 c0s18.90¢+B, sin18.907)
where

0, =0,,1/1 -8 =6.470/1-0.0025 = 6.462

®,=0,1/1-=18.92/1-0.0025=18.90 .

Imposing initial conditions for g, (¢)
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149.5
0)=0= Ny
01(0)=0=ecs * 4

= 4,=-3.571

Further
G,(1)=-03235¢ ‘0-3235’(A1 cos 6.462¢+B, sin 6.462¢)
+6.462 ¢ ~0-32351( -A,sin 6.462¢+ B, cos 6.462¢)
= 4,(0)=174.22=-0.3253 4, +6.462 B,

5 _174.22+03253x-3.571
! 6.462

=26.78

The complete solution satisfying the initial conditions is

g,(£)=3.571 +e 0335/( 3,571 c0s6.462 +26.78 5in 6.462 1)

Similarly, the complete solution forg, (¢) is

g,(£)=-0.1051 +& %4/(0.1051 cos 18.90¢ + B, sin 18.90¢)

G, (1) = -0.946¢ 7°%46(0.1051 cos 18.907 + B, sin 18.90¢)
+¢ 70946118 90(0.1051 sin 18.907 - B, cos 18.907)

~ 4,(0)=-42.95=-0.946x0.1051 -18.90B, = B, =2.267
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The complete solution forg, (¢) satisfying the initial conditions
IS
g,(¢)=-0.1051 +e ~*%%‘(0.1051 cos 18.907 +2.267 sin 18.90¢)

The physical solution is

b7 ) 073767 ) 0.035002
= + .
v | od2ses | 2| -0.090344
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