Lecture 18. PLANAR KINEMATICS OF RIGID BODIES,
GOVERNING EQUATIONS

Planar kinematics of rigid bodies involve no new equations. The
particle kinematics results of Chapter 2 will be used.
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Figure 4.1 Planar motion of a rigid body moving in the
plane of the page. Point 0’s position in the body 1s defined in
the X, Y coordinate system by r =1r ,+JR ,. The orientation
of the body with respect to the X, Y coordinate system 1s
defined by 0. (a). The body at time t and orientation 6. (b).
The body at a slightly later time t + At with a new position
R, +AR, and new orientation 0 + A®6.

The x,y,z coordinate system is fixed to the body; the X,Y,Z
system is fixed to “ground.”

® = dB/dt = angular speed of rigid body and x,y,z coordinate
system relative to ground or the x,7v,z system.
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Right-hand rule, angular velocity vector of the rigid body and the
X, Y coordinate system 1s

o = k8=K0

o = kO = KO= angular velocity of X, Yy, z relative to X, Y, Z.

Figure 4.2 Rigid body moving in the X, Y plane with its
angular velocity vector ® =k0 aligned with the z and Z
axes.
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X, Y and X, y coordinate systems.

Components of B:
B=1B, +JB,
B=iB +jB,.

Coordinate Transformation for components
{Bx } | cos®  sinb {BX
B, B,

-sin® cosB

or

.

Figure 2.21

(2.41)

(2.422)



cos® -sinf

sin® cosH

N

Unit vector definitions:

[ (2. 2b)
y

i =1cos 6 +Jsin6

j=-Isin® + Jcos 6.

Derivatives of unit vectors with respect to X, Y coordinate
system:

i°=E|XYZ=—IsinGé+JcosGé:j9=m><i

F= Y - Tcos8O - Jsin® 0= -if-0xj.

Differentiating B = i B_ + j B, with respect to the X, Y system,

O X i W X j

di

. dB 5 .
B_E|XYZ_le+JBy+B d|XYZ+By dt‘XYZ'

or



B=iB +jB,+0x(iB, +jB)

dB dB

— lxyz T 7 |xyz+(’oxB
dt dt

B=-B + ® x B .

Derivatives with respect to coordinate systems:

BQ%XY=IB'X+JBY
A dB L g
Bézx,y—le+]By



Figure 2.23 An airplane

y passenger moving down the
6 aisle, as the airplane moves
0 with respect to ground and

pitches upwards relative to
ground.
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VELOCITY AND ACCELERATION RELATIONSHIPS IN
TWO COORDINATE SYSTEMS

Figure 4.5 Two-coordinate
arrangement for general
planar kinematics

The point P 1s located in the X,Y system by



r=R,+p. (2.59)

P is located in the X,y,z system by p =ix +jy

Velocity Equations
Taking the time derivative of Eq.(2.59) with respect to the X, Y
system yields:

dR
dri D), dp (2.60)
dt |yy dt |yy dit |yy

=R, +p

Applying B=B+®xB toobtain p=p + @xp, nets

dar s d
=R+ 2P v axp, (2.62a)
dt |y dt |,

or

I°'=R.0+/'5\+m><p, (2.62b)



Acceleration Equations
Differentiating Eq.(2.62b),

) ) A (2.63)
F = ﬂ = Ro + @ + @ X p + O X @ .
dt? vy dt XY dt XY
Applying B=B +®*xB,
75 7 A A (2.64)
ap - 9P +OXpPp=ptroxp.
dt |, dtl,,

nets

i‘°=l§0+6+2(0X6+(d)><p)+(0><((0><p),(2‘65)

Comparisons to Polar-Coordinate Definitions

Parallels between the present vector results and earlier polar-
coordinate definitions for velocity and acceleration become more
apparent 1f we require that R =0 and that p lies along the X axis;
1.e.,

p = ix. (2.66)

Hence,



A
b=y
dt |,

A 2
ﬁ=—d‘2’ =i
dt” |,

oxp = kOxix = j x0
Gxp = kBxix = j x0
ox(oxp) = kOxjx0 = —i x
A
oxp = kBxix = j x0
Substitution into Eq.(2.62) (with R =0) gives

Fo=ix + jx0 .

Comparing this result to

F=rg +rbg =v & + V8.

shows the following parallel in physical terms:

(2.67)

(2.27)



[ ] e e A
e F=ix=p

£0r9=j9x =@ Xp

For comparison of the acceleration terms, substituting from
Eq.(2.67) into Eq.(2.65) gives (with R =0) :

Fo=ix + 2j0x + jOx - i6x
=i (% - x0) + j(x8 + 2x6) (2.68)

By comparison to the polar-coordinate definition,

F=(F-r0e + (r6+270)g,
(2.30)
= a,& + ayg, .

the following physical equivalence of terms 1s established:

A
e =ix = p

A
28,70 = 2jx0 = 20 xp (Coriolis accelerationterm)

aeré = jx0 = @xp

~ 8rr92 --ix® =@x (@ x p)(Centrifugal accelerationterm)
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Hence, Eq.(2.65) merely presents old physical terms in a new
vector format.

VELOCITY AND ACCELERATION RELATIONSHIPS
FOR TWO POINTS IN A RIGID BODY

Velocity Equations
The X, Y, Z system 1is fixed in a rigid body.

R =r,,r=rg

p =ix +jy +kz = position vector locating a point in the rigid
body. Hence,

p=—"1,.=0,p=—"1,,=0.



and

F=R +p+20xp+(dxp)+aox(exp),

becomes

Fp=F, + O Xr,+0X(@Xr,)

Alternatively,

Vg = V4 T O X T

a, =a, +®Xr, +0x(@®x3r;)

12



Example Problem 4.1

C
() ——
A
Y
100 mm
JA
X
/
A
C S
B
|< 75 mm >

Figure XP4.1a Bar with points A,
B, and C

Given:

v, =5.Imm/sec , a,=.5I mm/sec* (i)

® =0.1Krad/sec , ®=.02K rad/sec* (ii)
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Tasks:
a. Determine the velocity and acceleration vectors for points
C and B.

b. Draw the velocity and acceleration vectors for points A,
B, and C.

Solution: Applying the first of Eqgs.(4.3) gives
vp=v, +@OXr ,=5I+ 1Kx751=5I+7.5J mm/sec

Vo=V, +@OXr, =5I+ 1Kx(751+100J)

=(5-10)I+7.5J mm/sec
=-51+7.5Jmm/sec .

The acceleration vectors of points B is obtained from the second
of Egs.(4.3) as

az=4a, +d)><rAB+co><(co><rAB)
=5I+.02Kx75.1+0.1K%x[0.1K%x75.1]=.5I+1.5J-.751
=-251+1.5J mm/sec? .

Similarly for point C
Ar=a,+DXF +OX(OXr, )
=.51+.02Kx(75.1+100J)+0.1 K*x[0.1Kx(75.1+100J)]
=51+(1.5J-2.1)-(751+1.J)=-2251+.5J mm/sec* .
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Ve=-51+7.5J
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Figure XP4.1 (b) Velocity (mm/sec) and (c) Acceleration

(mm/sec?)
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Example Problem 4.2

0.2m\ !

0.4m

(b)

Example Problem 4.2 Point A, the end of the left cable has a
velocity of .6 m/sec and an acceleration of .13 m/sec” . Point B,
the end of the right cable has a velocity of 1.2 m/sec and an
acceleration of -.13m/sec®. The central pulley has a radius of 0.4
m. Point 0 1s at the center of the pulley, and point P 1s at the top
of the pulley

Tasks: Determine the velocity and acceleration of points 0 and
P.

Solution: We are going to use Egs.(4.3), the velocity and

16



acceleration vectors for two points on a rigid body to work
through this example. The rigid body is the central pulley
illustrated in figure 4.2b. Since the cable is inextensible, points
A’and B’ on the central pulley have the same velocities and
vertical acceleration magnitudes as A and B , respectively.
Specifically,

v, =.6J m/sec, wvg = 12 J m/sec

(i)

a,y=013J m/sec* , agy=-.13J m/sec

Velocity results. We start this development knowing v/, v/,
and needing v,,v,. We could use the velocity relationship to
find these unknowns providing that we knew o =Ko =K6. We
can determine ® by applying v; v 4+ OXF 5 for points 4
and B’ on the pulley. Substituting for v/, v,/ from Eq.(i) and
r,g =041 m gives

1277 2067 +K§ %% % 41m
SCC SCC SCC
(i)
g O rad_, srad
4 sec seC

Proceeding with this result for @ gives:

17



v =v, +(oxr, )=.6J-" F(15K7%% % 21m)= 05"

SCC SCC SCC
vo=v (0%, ) =6 +[1.5K 99 x (20 +.20)m]
SC€C S€C
—(.6J+3J-3D =(97-31 2~
SCC SCC

As expected, v s velocity is vertically upwards. Because of the
pulley’s rotation, point P has a velocity component in the -X
direction. Note that we could have just as easily used the
equations, v, =vg,+(@Xrg, ) and vp=vy/ +(®Xrg/p) to get
these results since we know vy;.

Acceleration Development. Recall in the sentence above Eq.(1)
that the vertical acceleration of points 4/, B’ have the same
magnitudes, respectively, as a,/,agz/. The acceleration vectors
a ,/,az /have horizontal components due to the pulley’s rotation;
hence, a,,#.13Jm/sec*, and ag,# -.13Jm/sec*. We can
verify this statement starting with @, =a_J, the acceleration of
point 0, even though a_ 1s unknown. Applying the acceleration
equation from Eqs.(4.3) gives:

18



a)=a,+@xry, +@x(0xr,,)=Ja +(K8x-2I)+[KOx(KOx-.21)]
=Ja -J20+126°=J(a,-28)+1.26" m/sec?

ap=a,y+®XFy +@X(OXryg)=Ja, +(KOx.2I)+[KOx(K8§x 21)]
=Ja,+J 20-126"=J(a,+.28)-1.26" m/sec® .

(iv)

Note particularly the horizontal components of a/,ag arising

from the centripetal acceleration term r§” induced by the pulley

rotation. With that result firmly in mind, we can proceed to
solve for a,,a,.

The first step 1s solving for @. Applying
Ag 1=, +DXF 15+ OX(QOXF, /p1) EIVES

(-28°1-130)=(26°T+.130) +(KOx A1) +[KOx(K6x 4]
= 28° T+.13J+ 480 - A48T m/sec?

Taking the | and J components separately gives:
I: -26°=26"-46" J:-13=.13+.48

. é:_.26 rad:_65rLd

4 sec? sec?

The X component result gave nothing; the Y component allowed

us to solve for 8. At this point, we are in a position to directly
solve for a,,a, as:
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a,=a,+OxXr,, +OxX(®xr, )
=(28°1+.130)+(KOx 21) +[KOx (K% 21)]
—28°1+.13J + 280 -28°T=(13 +.2%x -.65)J=-1.17J m/sec?

aP=aA/+d)><rA/P+0)><((0X"A/p)
:(.262[+_13J) +K§><(.2[+.2J) +KOx[KOx(21+.2J)]

— 28 T+ 13T+ 20(J-D-28T+J)=-201+(13+26-26")7
=(-2%x-.65)I+[.13+(.2x-.65)-2%x1.52]J=-131-1.5J m/sec* .

As expected, point 0’s acceleration 1s vertical. Also, P’s vertical
acceleration 1s entirely due to the -¢ term. This last step could
have proceeded equally well from B’ instead of A, since we
also know ag.
The customary development in this type of problem uses the
following sequential steps:
(1). Starting with known velocities at two points, in this case
A’ and B’, calculate @. Then using a known velocity and
o calculate any additional required velocities.

(2). Starting with known accelerations at two points,

calculate @. Then using one of the known accelerations
plus ® and @, calculate other required accelerations.

20



Lecture 19. ROLLING WITHOUT SLIPPING

Figure 4.8 Gear rolling in
geared horizontal guides.

, Figure 4.9 Wheel rolling on a
horizontal surface.

The derivation and understanding of velocity and acceleration
relationships for a wheel that 1s rolling without slipping is the
fundamental objective of this lecture.

21
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Figure 4.10 Wheel rolling without slipping on a horizontal
surface.

Geometric Development

The wheel 1n figure 4.10 advances to the right as 0 increases.
The question is: Without slipping, how is the rotation angle 6
related to the displacement of the wheel center X, ? Note first
that the contact point between the wheel, denoted as C, advances
to the right precisely the same distance as point 0. If the wheel
starts with 0 and X, at zero, and rolls forward through one
rotation without slipping, both the new contact point and the now
displaced point 0 will have moved to the right a distance equal
to the circumference of the wheel; 1.e., X =27mr. It may help

you to think of the wheel as a paint roller and imagine the length
of the paint strip that would be laid out on the plane during one
rotation. Comparable to the result for a full rotation, without
slipping the geometric constraint relating X, and 0 is
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X, =rb . 4.4)

Differentiating with respect to time gives :

X =r8, X =rf . (4.5)

These are the desired kinematic constraint equations for a wheel
that 1s rolling without slipping.

We want to define the trajectory of the point P on the wheel
located by 0. The coordinates of the displacement vector
locating P are defined by

X=X +rsinB=r0 +rsinb
(4.6)
Y=rcos + r.

The trajectory followed by point P as the wheel rolls to the right
is the cycloid traced out in figure 4.11. The cycloid was obtained
for r =1 by varying 0 through two cycles of rotation to generate
coordinates X (0) and Y (0) and then plotting Y versus X .
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Figure 4.11 Cycloidal path traced out by a point on a wheel that
is rolling without slipping. The letters A through D on the wheel
indicate locations occupied by point P on the cycloid.

Referring to the locations A through D of figures 4.10 and
4.11, point P starts at A, reaches B after the wheel has rotated m/2
radians, reaches the contact location after «t radians, reaches D
after 3n/2 radians and then returns to A after a full rotation.

Differentiating the components of the position vector locating P
(defined by Eq.(4.6)) to obtain components of the velocity vector
for point P with respect to the X,Y coordinate system gives:

X=r0+r0cosH
. . 4.7)
Y=-r0sinf .

Note that X and Y are components of the velocity vector of a

point P on the wheel, located by the angle 0. The corresponding
acceleration components are:
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X=r0+rbcosd - 6% sind
4.8)
Y=-r8sin0-r0"cosd .

Eqgs.(4.7) and (4.8) can be used to evaluate the instantaneous
velocity and acceleration components of any point on the wheel
by specifying an appropriate value for 6. Values for 0 =0, n/2,
n, and 3w/2 correspond, respectively, to locations A, B, C, and D
in figure 4.10.

Position A ( top of the wheel; 6 = 0):
X=r0+r0(1)=2r0 =2X0
Y=-r0(0)=0

W . e (4.9)
X=rb+r8(1)-r8°(0)=2r8=2X

Y=-r6(0) —réz(l) - —rd” .
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Position B (right-hand side of the wheel; 6 =7/2 ) :
X=r0+r0(0)=r0 =X0
Y=-r08(1)=-r6

. . . e (4.10)
X=r0+r0(0) —er(l) =76 -r@° =X, 7’

Y=-r0(1) —réz(O) =-r0 .
Position C (bottom of the wheel at the contact location; 6 =) :
X=r0+r0(-1)=0

Y=-r8(0)=0
A . (4.11)
X=r8+r8(-1)-r&(0)=0
Y=-r0(0) —réz(—l) -9 .
Position D (left-hand side of the wheel; 6 = 37/2):
X=r8+r0(0)=r6 =X0
Y= —ré(—l) =70
(4.12)

X=r0+r8(0) —réz(—l) =70 +r@° =XO w7
Y=-r0(-1) —réz(O) =rf .
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210

ro ré
ré

Figure 4.12 Velocity vectors for points on the wheel at locations
A through D and o.

A 2r0
‘5 . B .
D r B + re ré
o
C

Figure 4.13 Acceleration vectors for points on the wheel at
locations A through D.
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The point P in contact with the ground has zero velocity at the
Instant of contact. Constant-velocity components over a finite
time period are required to give zero acceleration. Note
carefully that a point on the wheel at the contact location has a

. . * 9
vertical acceleration of r9~.

Geometric approach :
a. State (write out) the geometric X and Y component
equations.

b. Differentiate the displacement component equations to
obtain velocity component equations.

c. Differentiate the velocity component equations to obtain
acceleration component equations.
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Vector Development of Velocity Relationships

NS

Ol

~Y
M

v, =IX0 for point 0. Using the right-hand-rule convention for

defining angular velocity vectors, the wheel’s angular velocity
vector is @ =K(-6)=-K0 . (If the wheel were rolling to the

left, & would be negative, and the angular velocity vector would

be =+K|8|.) Cisa point on the wheel at the instantaneous

contact location between the wheel and the ground, and has a
velocity of zero; 1.e., v =10+ J 0.
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Vector Velocity and Acceleration Relationships

V=V, +COXI‘AB

(4.3)

Ap=a,+DXF L +OX(OXF 5) .

Applying the first of Egs.(4.3) to points 0 and C gives
Ve=V,+OXF, ..

Setting V¢ to zero and substituting: v, =IX0, o=-K8,

r,c=-Jr, gives

0=IX +(-KOx-Jr) = 0=I(X, -76) .

Hence, the rolling-without-slipping kinematic result for velocity
1s (again)

X =70 . (4.52)

(0]

Predictably, the vector approach has given us the rolling-
without-slipping kinematic condition for velocity.
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Find the velocity vectors for points A through D of figure
4.10. Starting with point A, and applying the velocity
relationship from Eqgs.(4.3) to points A and C on the wheel gives

Substituting: V. =0, @ = -K0, and re, =J 2r yields
v,=0-KOxJ2r = I12r§ .

The velocity of a point on the wheel at location B can be
found by applying Eqgs.(4.3) as:

vB=v0+co><roB

VB:VC+(!)XI’CB .

The first equation defines Vg by starting from a known velocity at
point 0 ; the second equation starts from a known velocity at
point C. The vectors v, , V-, and @ have already been identified.
The required new vectors are r,g =1 rand rop=Ir+Jr.

Substitution gives:

v, =Ir® -KOxIr =Ir8-Jr@

ve=0-KOx(Ir+Jr) =Ir8-Jrb .
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The velocity of point D can be obtained by any of the
following:

VD:V0+(0XI‘0D
Vp=Vyt X1,y
Vp=Vpt QO Xrp,
V=Vt @ XF gy

We know the velocity vectors for point 0, A, B, and C, and can
write expressions for the vectors Iy, Fap, ep, and rp.
Applying (arbitrarily) the last equation with rop = -Ir + Jr gives

v, =0-KOx(-Ir+Jr)=Ir@+Jr@ .

Results From Vector Developments of Acceleration

In this subsection, we will use Egs.(4.3), relating the
acceleration vectors of two points on a rigid body to: (1) derive
the rolling-without-slipping acceleration result of Eq.(4.5) (

= rG) and (11) determine the acceleration vectors of points A

through D. Starting with points 0 and C, we can apply the
acceleration result of Eq.(4.3) as

Ar=a,+OXF, +OX(OXF, ) .

32



Substituting a, =1 )?0 , @ =-K0, and our earlier result r,c=-rJ
gives:
a.=(Iag,+Jagy)=IX +(-KO8x-Jr)-KOx(KOx-Jr) ,

IaCX+JaCY=I(XO -r0) +Jré” .

Equating the | and J components gives:
I : aCX=(XO—ré)=O = )f():ré
(4.13)

J aCY=réz

The accelerations of points A, B and D can also be obtained
via Egs.(4.3), starting from any point on the wheel where the
acceleration vector 1s known. Choosing point 0 (arbitrarily)
gives

a,=a,+Oxr,  +0x(Oxr, )

Ag=a,+DXr, z+OX(OXr,,)

aD=a0+co><r0D+co><(co><r0D)

Substituting for the variables on the right-hand side of these
equations gives
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a, =Ir8+(-KOxJr) - KOx(- KOxJr)=12r0 ~Jrd’
a,=Irb+(~KOxIr) - KOx (- KOxIr)=I(r&-r6")-Jr

a,=Ir8+(-KOx-Ir) - KOx(- K8x -1Ir)

=1(r0 +r92) +Jr0.
Example Problem 4.3
B w-
I /,L\\ i

Figure XP4.3 Rolling-wheel assembly

The lower wheel assembly 1s rolling without slipping on a plane
that 1s inclined at 30° to the horizontal. It is connected to the

top spool via an inextensible cable that is playing out cable. The
center of the lower spool and its contact point are denoted,
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respectively by 0 and C. Point A denotes the top of the spool. At
the instant of interest, the acceleration of the center of the lower

spool is @, =6.44J fi/sec®, and its velocity is v, =2.6J fi/sec.

Tasks: For the instant considered, determine the velocity and
acceleration of points C and A. Determine the top spool’s
angular velocity and acceleration.

Solution.
Rolling without slipping = v, =0, plus from Egs.(4.5)

X =2.6ft/sec =r8=(1.331/2) ftxOrad/sec = 8=3.91rad/sec

+ ;=391 Krad/sec .

With @, defined, starting from either o or C, v is

V=Vt @ Xr.,=0+3.91Krad/secx(.665 +2)Ift
=10.42Jft/sec

V=Vt Xr, =2.6Jft/sec+3.91 Krad/secx2Ift
=10.42Jft/sec .

The velocity of the lower spool at the cable contact point 1s
v,=10.42ft/sec. Since the cable is inextensible, the cable

contact point on the upper spool has the same velocity, and
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vp=v,=10.42ft/sec=w,x1ft = 0,=10.42rad/sec, and
®,=10.42K rad/sec.

From Eq.(4.11),

a.=Ir0”=.665ftx(3.91rad/sec)? =10.16I fi/sec?.

The rolling-without-slipping conditions of Eqs.(4.5) relates 0’s
acceleration to the spool’s angular acceleration as

X =6.44ft/sec’=r8 = 0=6.44(fi/sec?)/.665ft=9.68 rad/sec’
~ ,=9.68K rad/ sec’ .

Starting at 0, @, 1S

a,=a,+O;Xr, +0;x(0,Xr, )

-6.44- 7+ (9.68 i‘ij 2f1)

S€C SC€C

+13.917%% Kk x(3.91 7% K x 2 411)]

sec sec
=(6.44+19.36)J-30.61=-30.61+25.8J ft/sec’ .

Starting at C, a , 1s
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A=A+ X e, + O X (@ XF,)

=10.16 1L+ 9.68 %% K x2.665 1)

sec? sec

+13.91799 g x(3.917%9 gx2 66511

SCC SC€C
=25.8J+(10.16 -40.74)I=-30.6I+ 25.8J ft/sec? .

Solving for ®@,: The acceleration of the wheel assembly at A

is a,=25.8J-30.61 ft/sec*. The acceleration of spool 2 at its

contact point B is az=1wm,J -1 (D%I ft/sec?. Because the cable

is inextensible, the J components of these accelerations (along
the cable) must be equal. Hence,

M, =(25.8ft/sec?)/1ft=25.8rad/sec*, and @,=25.8K rad/sec*.
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Example Problem 4.4 A cylinder of radius », =1m 1s rolling

without slipping on a horizontal surface. At the instant of
interest, the surface 1s moving to the left with
v.=-11.25m/sec, and has an acceleration to the right of

a,=11.0m/sec*. An inextensible cord is wrapped around an
inner cylinder of radius 7, =0.5m and anchored to a wall at D.

Determine the angular velocity and acceleration of the
cylinder and the velocity and acceleration of points A, o, B,

and C.

A
B

A J

d

Figure XP4.4 Cylinder rolling without slipping
on a horizontal (moving surface) while being
restrained by a cord from D
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Solution. First find 8. Point C, the contact point between the

outer surface of the cylinder and the moving surface, has the
velocity v.=Iv . Point A, the contact point of the inner

cylinder with the cord, has zero velocity , v ,=0. The

cylinder can be visualized as rolling without slipping (to the

right) on the cord line A-D. We could use the vector equation
v, =v,+®Xr, to state multiple correct equations between the
velocities of points A, B, 0, and C, and most of these equations

would not be helpful in determining 6. We will use A and C

because we know their velocities, and we do not know the
velocities of the remaining points. Since points C and A are
on the cylinder (rigid body),

Vo=V, +OXr, . or,

~-I1(1.25m/sec) =0 + K8 (rad/sec)x -0.5mJ

=10.50 (m/sec) (1)

. 80=-2.5rad/sec , @ =-K2.5rad/sec

Hence, the cylinder 1s rotating in a clockwise direction.
We can determine the velocity of point 0 at the center of
the cylinder using either v =v.+@Xxr or v =v +oxr, ,

because we know v, =0 and v.=-I1.25m/sec. Proceeding

from point A,
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v,=v, +oxr, =0-K2.5(rad/sec)*xJ0.5(m)
=I1.25m/sec .

Hence, point 0 at the center of the cylinder moves
horizontally to the right. Similarly,

ve=v,+@xr,=0-K2.5(rad/sec)xJ1.5(m)
=13.75 m/sec .

We have now completed the velocity analysis determining
é,m,vo,vB,vA.
For the acceleration analysis, our first objective 1s the

solution for 8. Point A has a zero horizontal acceleration
component; 1.€., a ,=Ja ,,. From the nonslipping condition,

point C has the horizontal acceleration component,
Ay = 1.0m/sec?; hence, ac=I1.+Ja,y, m/sec?.

Hence,
a.=a,+QOXr .+OX(0Oxr, ) or,

Im/sec* +Ja.,=Ja ,+[KO(rad/sec?)x -.5mJ ]
+{KOQ(rad/sec)x[KO(rad/sec)x -0.5mJ]}

=[10.58 +J(a,,+0.58")](m/sec?) .
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Taking the | and J components separately gives:

I: 1msec?=0.50m/sec?
— 0=2rad/sec? = & =K2 rad/sec?

: (i1)
J: a.,(m/sec’)=[a,+0.5 §°1m/sec?
=[a,,+0.5%x(-2.5)*1m/sec* =(a,,+3.125)m/sec?

The | component result is immediately useful, determining 6.

The J component result is not helpful, since it only
provides a relationship between the two unknowns a ,,, and

a-y. We still need to calculate these components. Point 0 has

no vertical motion; 1.e, @,=Ia_,. Hence,

Ar=a,+OXr +OX(OXr, ) or,

Il.m/sec* +Ja.,=Ia_,+[K8(rad/sec*)x -1.mJ |
+{KOQ(rad/sec)x[KO(rad/sec)x -1.mJ]}

=I(a,,+0)+J0° (m/sec®) .

The | and J components give:
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I: 1msec?=(a,,+0)m/sec?

a ,=(1-2)m/sec’*=-1m/sec?

oX ( ) (lll)
J: agy(m/sec?)=(8")m/sec? =(2.5)2m/sec?
=6.25m/sec’ .

We substituted 0 =27ad/sec?and 0 = -2.5rad/sec into the |

and J component equations, respectively. You can verify that
we could have also used a,=a,+@Xr,  +OxX(®Xr, )

successfully to determine a ;.

From Eq.(ii), a,y=a 5y +3.125(m/sec?); hence, using the
second of Eq. (ii), a,,=6.25-3.125 =3.125(m/sec*). Note
that @, =r_,6°=0.5%(2.5)>=3.125. In this example, point A

corresponds to the “contact point C”. It 1s in contact with
cord line AD, and its only acceleration 1s vertical due to the
centrifugal acceleration term.

We now have

a,=J3.125 (m/sec?)
a,=-11.(m/sec?)

a.=-11.+J6.25 (m/sec?)
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The acceleration of point B can be obtained starting from
points A, 0, or C, since we have the acceleration of all these
points. Starting from O,

aB=a0+co><roB+co><(co><roB)

= —-I1(m/sec?)
+[K2(radsec*)xJ1m]+
~-K2.5(rad/sec)x[ -K2.5(rad/sec)xJ1.m]

=I1(-1.-2.)-J6.25 m/sec*=-13.-J6.25 m/sec’ .

Note in reviewing this example the key to the solution is:
(i) first find 0, and (ii) then find 8. We used a velocity

relation between points A and C to find 8 and an acceleration

relation between the same two points to find 8. These points
work because we know the X components of v.,a.,v,,a .

We can write valid equations relating the velocity and
acceleration for any two of the points; however, only the
combination of points A and C will produce directly useful

results in calculating 6 and 8.

Also, note that to determine the Y components of
a,,ag,a., we needed to use an acceleration relationship

involving a,, the acceleration of center of the cylinder. Valid

acceleration relationships can certainly be stated between the
points A, B, and C However, the results are not helpful; e.g.,
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we obtained a,.,=a ., +3.125 m/sec*in Eq.(ii), which
involves two unknowns acy and a e Point o “works”

because we know that its vertical acceleration is zero.

NOTE: THE GEOMETRIC APPROACH WORKS
WELL ON MECHANISMS. THE VECTOR
APPROACH GENERALLY WORKS BETTER IN
ROLLING-WITHOUT-SLIPPING PROBLEMS WHEN
YOU NEED TO FIND THE ACCELERATION OF A
POINT OR THE ANGULAR VELOCITY OR
ACCELERATION OF A WHEEL.
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Lecture 20. PLANAR KINEMATIC-PROBLEM EXAMPLES

Figure 4.15 Slider-crank
mechanism.

TASK: For agiven constant rotation rate 8 =w, find the

velocity X,,¢ and acceleration X,,¢ terms of the piston for one
cycle of 6.

Geometric Approach: There are three variables (0, ¢, and X))

but only one degree of freedom. The following (constraint)
relationships may be obtained by inspection:
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Xp=1,cos0 +1,cosQ (Xcomponents)

(4.16)
[;sm® =[sing  (Ycomponents) .

With 0 as the input (known) variable, these equations can be
easily solved for the output variables X,,¢. The vector diagram
in figure 4.15 shows the position vectors I'yg, e, and ', . For
these vectors,

ragtrpe*rc =0 - (4.17)

Substituting,
rg =1l cosb +JI sinB
rgc=I1,c0s0 -J1,sing
Foo=—1X,

gives :

I: [ cosB+I,cosp -X,=0

J: [;sinb-1/,sinp =0 .
Differentiating Eq.(4.16) w.r.t. time gives:
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XP+Izsin(p(b =-1 sinf0 = -/, ®sinb

. . (4.18a)
[,cosp@=1,c0s80 =/ wcosh .
Differentiating again gives:
X, +Lsinp@=-1,5sin68 -/, cosf 6’ —lzcosq)(i)2
= 1 0*cos® - 1,cos ¢
(4.18b)
[,cos@@=1/,cosb8 -/ sinf §° +1, sin(p(p2
=~ *sin® +1,sinQ ¢’
Matrix equations of unknowns
1 sing XP -sinf
{ . ¢ =lLo : (4.19a)
0 coso Lo | cosf
I B
CosQ| | I, | sin (4.19b)

., | —cos@
50 : :
sin @

The engineering-analysis tasks are accomplished by the
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following steps:

1. Vary 0 over the range of [ 0, 2= ], yielding discrete values
0..

1

2. For each 6. value, solve Eq.(4.16) to determine
corresponding values for ¢. .

3. Use Eqgs.(4.18) with known values for 6, and ¢, to
determine ;.

4. Use Eqgs.(4.19) with known values for 6; , ¢, , and (i)l. to
determine X..

5. Plot X p; versus 0.
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Spread-sheet solution for X , for one B cycle with
[, =250mm,l, =300mm,» =14.6rad/sec.

Xp ddot (g's)

10

-10

-15

Xp ddot (g's) versus Theta

Theta (radians)
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Hydraulic cylinder

/

=S O/ \

P ‘;} L\ 0\

Figure 4.18 Slider crank mechanism with
displacement input from a hydraulic cylinder.

For X, (1) as the input, with (8 and ¢ ), (8 and @), and (8 and
¢ ) as the desired output coordinates. The equations for the
coordinates are:

[,cos® +1,cosp =X, , [ sinb-/,sinp=0 . (4.202)

From Eq.(4.20a), the velocity relationships are:
Lsingo+1,sin88=-X, , Lcospp-/,cos80=0 . (4.20b)

From Eq.(4.20b), the required acceleration component equations
are:

Lsing@+1 sinf0=-X,-1, cos0§’ —lzcoscp(i)2
.o .o . . (4.ZOC)
[,cos@@ —1,cos80 =-1, sinf6” +12sin(p(p2
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The problem solution is obtained for specified values of

Xp(0), X (1), X »(#) by proceeding sequentially through
Egs.(4.20a), (4.20b), and (4.20c). Note that Egs.(4.20a) defining
0 and ¢ are nonlinear, while Eqs.(4.20b) for ¢ and 6, and
Eqgs.(4.20¢) for @ and 8 are linear.

The essential first step in developing kinematic equations for
planar mechanisms via geometric relationships 1s drawing a
picture of the mechanism in a general orientation, yielding
equations that can be subsequently differentiated.

Figure 4.19
5 5 Disassembled view of
the slider-crank
JA/ 2 mechanism for vector
9\ fD analysis.
X
A 1 c

Vector Approach for Velocity and Acceleration Results
Applying the velocity result of Eq.(4.3) separately to links 1
and 2, gives:

V=Vt XF g, Ve=Vpt W, XFp. .

Equating the two answers that these equations provide for Vg,
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V=Vt O XF g =V~ XFpe .

Since point A is fixed in the X ,Y system, v, = 0. Similarly, given
that point C can only move horizontally, v. = | X ». The vector
o, 1s the angular velocity of link 1 with respect to the X,Y
system. Using the right-hand rule,

o, =K, 0,=-Ko
The position vectors I,z and rg. are defined by

r,g=li({cos®+Jcos®) , ryz.=I,(Icosg-Jsmo)

Substitution gives
0 +KOx [ (IcosB +Jsin®)=1X —(-K¢)xI,(Icose ~Jsing) .

Carrying out the cross products and gathering terms,

I: -1,0sinf =Xp +1,sinQQ

J: 1 8cos@=Lpcoso .

To find the acceleration relationships, applying the second of
Egs.(4.3) to figure 4.17 :
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Ap=Q,+O;XT o+ O X (O X, p)

A=A+ D)X T g+ O, X (D) XTFpe) .

Equating the separate definitions for ag gives
Ag=a,+0 X7 5+ @ X (O X7 45 )
= Ac— @y XTpe~ )X (@, XTpc) .

Since point A is fixed, a, = 0. Also, since point C is constrained
to move in the horizontal plane, ac = | X ». The remaining
undefined variables are @, = K8, the angular acceleration of

link 1 with respect to the X, Y system, and ®, = - K@, the angular
acceleration of link 2 with respect to the X, Y system.
Substituting gives

0+K8x1I (Icos8 +JsinB) + KOx [ KOx I (Icos +Jsinb)]
= IXP—( —K('|'))><12(Icoscp ~-JsinQ)

—(—K(i))x | —K(i)XIz(ICOS(p ~Jsing)] .

Completing the cross products and algebra gives the following
component equations:
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I: —llésine—llézcose=XP+Izibsin(p+12(b2coscp
J: llécose—llézsine=lzibcoscp—12(bzsin(p :

4.5b A Four-Bar-Linkage Example

(a1) (h)

Figure 4.19 (a) Four-bar linkage, (b) Vector diagram for
linkage

Consider the following engineering-analysis task: For a constant
rotation rate ,a =, determine the angular velocities B, y and
angular accelerations B, ¥ for one rotation of a.

Geometric Approach
Inspecting figure 4.19a yields:

X : [ cosa+l,cosP+lcosy=a

(4.21)
Y: [ sino+l,smp-/siny=0 .
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Figure 4.19b shows a closed-loop vector representation that can

be formally used to obtain Eqs.(4.21). The results from figure

4.19b can be stated, r 5 +rg-+7p +1p, =0. Substituting:
rp=liIcosa+Jsina) , rp~=1,(IcosP +Jsinf)
Fep=L(Icosy-Jsiny) , r,,=-Ia

gives the same result as Eqgs.(4.21).
Restating Eqs.(4.21) as:

l,cosP +l,cosy=a-1[ cosa

(4.22)
l,sinf} —-[;siny = -/ sina .

shows a as the input coordinate and 3 and y as output
coordinates. Differentiating with respect to time gives:

-1,sinBp - I;sinyy =/,sino.6. =/, osina
. 4.23)
[,cosBPB-I;cosyy=-1I,cosad=-/,mcoso .

In matrix format,

sinf3  siny

L[ _si
< 2? = o { S } . 4.23)

-cosf} cosy cosa,
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Using Cramers rule to solve these equations gives
-l o sin(a+Y)

sin(P+y)

LB =

(4.24)
e [iosin(B-a)
T T sin(Bey)

The solution is undefined for B +y=m,0

Differentiating Eqgs.(4.23) gives:

-1, sinBf - I;sinyy =1sinad +/, cosad*+1,cosp Bz+ l;cosyy’

l,cosBB -1,cosy§ =-1, cosad +/ sinad?+1 sinP - [,sinyy?

Setting 4.=0, and & =, reduces them to:
~Lsinpp - I,siny§ =1, cosaw>+1,cospp’+ I, cosyy?

l,cosBp -I,cosyy=-1, sinom)i+12 sinf} 62—13 sinyy” ,

or, in matrix format,

56



-sinf3 -siny <

LB
5T

cos3 -cosy

-

L w*cosa + LB cosp + Ly>cosy {gl }

-l o?*sina + LB°sinp - 1,*siny

Using Cramer’s rule, the solution is
-g, Cosy +g, siny

sin(P +v)

LB =
(4.26)

-g,cosP -g, sinf

S T )

The solution is undefined for B +y=m.
The engineering-analysis task 1s accomplished by executing the
following sequential steps:

1. Vary a over the range [ 0, 2w ], yielding discrete values a..

2. For each a . value, solve Eq.(4.22) to determine
corresponding values for 3, and Y.
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3. Enter Egs.(4.23a) with known values for a ; , 3;and v;. to
determine f; and ¥, .

4. Enter Eqs.(4.26a) with known values for a ;, B;, v; , Bl.
and 7y, to determine B, and ¥,.
5. Plot Bi Yi [31 and ¥, versus o ;.

Egs.(4.22) can be solved analytically, starting with the
restatement

l,cosP=(a-Il,cosa)-lcosy=h -1l cosy
l,smP=-1[ sina+/;siny=h,+[siny .
h,=a-1 cosa and h,=-/ sino are defined in terms of o and

are known quantities. Squaring both of these equations and
adding them together gives

I (cos?P +sinB) =h; -2h, Lcosy +1; cosy +h,

+2h, I siny +1; sin®y

2 L =hl+hy +17-2h, Lcosy +2h, L siny.
Rearranging gives
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2h, 1 cosy =hl+h; +I7 -1 +2h,lsiny =2d +2h,1, siny
w bl cos?y =hl 17 (1 -sin®y) =d? +2dh, 1, siny + b, I sin®y ,

where 2d = h12 + h22 + 132 - 122 . Restating this result gives
2dh, . (d*-hiL})
sinYy + =0
L(hy +hy) I3 (hi +hy)

sin’y +

The equation sin®y +Bsiny + C =0 has the two roots:
q Y Y

siny = —g +%\/Bz—4C
(4.27)
sim(:—ﬁ—l B*-4C
2 2

Depending on values for B and C, this equation can have one real
root, two real roots, or two complex roots. Two real roots
implies two distinct solutions, and this possibility 1s 1llustrated
by figure 4.20 below where the same o value gives an
orientation that differs from figure 4.19a.
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A ; - 2 2NN *
vV W
Figure 4.20 Alternate

configuration for the linkage
of figure 4.19a

The one real-root solution corresponding to B? =4 C defines an
extreme “locked” position for the mechanism, as illustrated in
figure 4.21. Note that this position corresponds to B, = -7,
netting sin(fB, +v,) =0, which also caused the angular velocities
and angular accelerations to be undefined in Egs.(4.23) and
(4.25), respectively.

Figure 4.21 Locked position for
the linkage of figure 4.19a with
[,=1;=1451,a=2.281,
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We can solve for the limiting o value in figure 4.21 by
substituting B, = -y, into Eq.(4.22) to get

[, cosy, +I; cosy, =(l,+1;)cosy, =a-1 cosq,

-1, siny, - [y siny, =-(l, +1;) siny, =-1;sino, .

Squaring both equations and adding them together gives

a’2al cosa, +17=(1,+1,)

6124'112—(12"‘13)2 (4.28)

s COSO, =
2al,

If the parameters /,,/,,/;,a are such that a solution exists for a,,
then a locked position can occur. For figure 4.21, the limiting
value fora, corresponds to

a, = = (a+l,)’=(L+L) = a+l,=1,+1, .

For [, +[;>a +I, there is no limiting rotation angle a,, and the
left hand link can rotate freely through 360 degrees.

Figure 4.22 illustrates a solution for B,y,B,¥ with
[,=035m;1,=.816m;[,=1m;a=0.6m and w=3rad/sec fora,
over [0, 2r ]. The solution 1llustrated corresponds to the first
solution (positive square root) in Eq.(4.27).
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gamma & beta (degrees)

160
140
120
100

80

gamma

- = = .beta

60 | e g
40
20 - \/
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 45 90 135 180 225 270 315 360
alpha (degrees)

beta dot & gamma dot (rad/sec)

\ \\\\-\ \ e R EEEEEEE beta dot
D 45" 90 135 180 225 270 315 \?360

=N

© & AN o N MO
| L1

gamma dot

/
.

alpha (degrees)

Figure 4.22 Numerical solution for,y, B, ¥
versus o for

[,=0.35m;[,=816m;l;=1m;a=0.6m

Caution is advisable in using Eq.(4.27) to solve for vy, to make
sure that the solution 1s in the correct quadrant.
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Vector Approach for Velocity and Acceleration Relationships

Figure 4.21 Disassembled view of the three-bar linkage of
figure 4.19 for vector analysis.

Starting on the left with link 1, and looking from point A to B
gives

VB:VA +(D1><rAB .

Next, for link 3, looking from point D back to point C we can
write

vC:vD+(D3erC .

Finally, for link 2, looking from point B to point C gives
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vC:vB+(D2XrBC .

Substituting into this last equation for Vg and V. , and observing
that v, = vy = 0 gives

W3 XFp =0 XF g Ty, XFpe .

Egs.(4.22) define the position vectors of this equation. Using the
right-hand rule, the angular velocity vectors are defined as
0, =Ka, 0,=Kp, and o, =-Ky. Substituting gives

-KyxI,(-Icosy+Jsiny)
=Kax/ (Icoso +Jsina) +KB><12(IcosB +Jsinf) .

Carrying out the cross products gives:

I: [ysiny=-/ dsina —lzﬁsin3

J: L7jcosy=1Idcosa+l,BcospP .

The acceleration relationships are obtained via the same logic
from

Ap=Q,+O;XT o+ O X (O X, p)
Ac=ap + O3 X+ O3 X (O3 X7 )
A=A+ D)X Tpe+ 0, X (W, XTpe) .
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Substituting from the first and second equations for ag and a.
into the last gives

ap + O3 X F e T O3 X (X7 g )
=4O} O X (O XF 5 ) Dy X P ¥ @y X (@, X1 () .

Noting that a, and a, are zero, and substituting @&, =Kda,
®, =Kp, and &, = -K¥ into this equation gives

~Kyx[,(-Icosy+Jsiy) -Kyx[-Kyxl;(-Icosy+Jsiny)]
=Kax/ (Icosa+Jsia)+Kax[Kax/ (Icosa+Jsina)]

+KBx1 (IcosP +JsinB) + KBx[KPxL (IcosP +JsinP)] .

Carrying out the cross products and gathering terms,
I : Ljsiny+Ly*cosy=-1 dsino -7, &*cosf
—lzﬁsin[} —lzﬁzcosB

J : Ljcosy-Ly*siny=1I dcosa -1 d*sina
+lzﬁcosB—12[32sinB.

If general governing equations are required, the geometric
relationships of Eq.(4.23) must be developed.
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| |
Figure XP5.4a Oil well pumping rig, adapted

from Meriam and Kraige (1992)

Example Problem 4.5 Figure XP4.5a illustrates an o1l pumping
rig that is typically used for shallow oil wells. An electric motor
drives the rotating arm OA at a constant, clock-wise angular
velocity @ =20rpm. A cable attaches the pumping rod at D to
the end of the rocking arm BE. Rotation of the driving link
produces a vertical oscillation that drives a positive-displacement
pump at the bottom of the well.

Tasks:
a. Draw the rig in a general position and select coordinates
to define the bars’ general position. State the kinematic
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constraint equations defining the angular positions of bars
AB and BCE 1n terms of bar OA’s angular position.

b. Outline a solution procedure to determine the orientations
of bars AB and BCE in terms of bar OA’s angular position.

c. Derive general expressions for the angular velocities of
bars AB and BCE in terms of bar OA’s angular position and
angular velocity. Solve for the unknown angular velocities.

d. Derive general expressions for the angular accelerations
of bars AB and BCE in terms of bar OA’s angular position,
velocity, and acceleration. Solve for the unknown angular
accelerations.

e. Derive general expressions for the change in vertical

position and vertical acceleration of point D as a function of
bar OA’s angular position.
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——a

Figure XP5.4b Pumping rig in a general position
with coordinates

Solution. The sketch of figure XP4.5b shows the angles a,f3,y
defining the angular positions of bars OA, AB and BC,
respectively. o 1s the (known) input variable, while § and y are
the (unknown) output variables. The length /; extends from B to
C. Stating the components of the bars in the X and Y directions
gives:
-l cosa+/,sinf +/; cosy=a
= [,sinf+/;cosy=a+[, cosa=h,(a)
i
[;sino+[,cosP-/;siny=b »
= [,cosB -/ siny=b-I[ sina=h,(a),
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and concludes Task a.
As a first step in solving for (B,v), we state the equations as

l,smP=h -[;cosy , [,cosP=h,+[ siny

Squaring these equations and adding them together gives:
1 (sin?B +cos?B) =1,

=h} -2h I, cosy +1; cos>y +h, +2h, 1, siny +1; sin’y

. 2h 1 c:osy=1112+1122+l32—122+211213 siny =2d+2h,l, siny ,

where 2d=h+h; +1; -1 . Substitutingcosy ={/1 -sin?y nets

hll} (1 -siny)
=d?+2dh, 1, siny +h, I sin’y

| 2dh, d>-hll}
- sin®y + ———siny+————— -
l(hy +hy) Iy (hy +hy)
(ii)

For a specified value of a, solving this quadratic equation gives
siny= vy =sin" 'y, and back substitution into Eq.(i) nets p. These
steps concludes Task b, and figure XP4.5b illustrates the results
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for the lengths of figure XP4.5a.
Proceeding to Task ¢, we can differentiate Eq.(1) with respect

to time to obtain:

L, cosPBP -l sinyy=-/;sino.6= -/, ® sina

-1,sinBB -1, cosyy=-1I,cosad=-1 ocosa.

(iii)

In matrix format, these equations become

IB -sina
<2.>:lla){ }

\ Ly cosal

cosp -siny

sinfB cosy

J

Using Cramer’s rule (Appendix A), their solution can be stated:

LB - [® —-sina, -—siny [yosm(y-a)
2 cosycosfB +sinycosf | cosa cosy cos(B-v)
Ly s [, cosfp -sina ) [, cos(a-P)
3 cosy cosP +sinycosP | sinf cosa cos(B-y)

(iv)

concluding Task ¢. Figure XP 4.5¢ illustrates ¥, p versus o
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Figure XP 4.5¢ v,B and 7, versus a
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Moving to Task d, we can differentiate Eq.(ii1) with respect
to time to obtain:

I, cosPB -1, siny¥
=-1 ®’ cosa +lzsin[3['32 +15 cosyy> — &

-1, sinBp -, cosy¥
=1 @*sina +1, cos B’ - I, sinyy* = - g,.

In matrix format, these equations become

<12[3 > {g1}-
klﬂj &2

cos} -—siny

sinfB cosy

The solution can be stated:

L - 1 g —siny g, cosy +g, siny

2 cosycosP+sinycosf | g, cosy cos(B-v)

L5 1 cosp g g, cosP -g, sinf

3 cosy cosf +siny cosf | sinf g, cos(B-v)
(Vi)

concluding Task d.
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In regard to Task e, as long as the circular arc at the end of
the rocker arm is long enough, the tangent point of the cable with
the circular-faced end of the rocker arm will be at a horizontal
line running through C. Hence, the change in the horizontal
position of point D is the amount of cable rolled off the arc due
to a change in the rocker arm v, i.e., 6Y=-3.36y. Similarly, the
vertical acceleration of the sucker rod at D 1s the circumferential
acceleration of a point on the arc, i.e, ag -r@ = Y=3.39.

Figure XP4.5 d illustrates 8Y,Y as a function of alpha. The
distance traveled by the pump rod in one cyle 1s .633 - (-.633) =
1.27 m. The peak positive acceleration is 1.17 g and the
minimum is -0.63 g. Note that | -0.63g| <l g, indicating from
a rigid-body viewpoint that the cable will remain in tension
during 1ts downward motion.

1.4

1.2 1
. /\

0.8

0.6 ~

0.4 Y ddot (g's)
0.2 - —4— Y (ft)

Y (ft) and Y ddot (1

O T T T T T T
o2 04, 50 100 N2oo 250 300 38 ato
-0.4 - \N&L \ /
-0.6 e ~————

-0.8

Alpha (degrees)

Figure XP4.5d Vertical acceleration and change in
position of the pumping rod
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Lecture 21. MORE PLANAR KINEMATIC EXAMPLES

4.5¢ Another Slider-Crank Mechanism

Figure 4.24 Alternative
slider-crank
mechanism.

D

Engineering-analysis task: For = «© = constant, determine ¢
and S and their first and second derivatives for one cycle of 6.

Geometric Approach. From figure 4.22:

X : [l cos@+Scos@=a

(4.25)
Y : [;sin@=Ssing .

Reordering these equations to
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Scosp=a-1 cosB

(4.27a)
Ssing =/,smb ,

emphasizes that 0 1s the mnput coordinate, with ¢ and S the output
coordinates. These equations are nonlinear but can be solved for
¢ and S in terms of 0, via

S%(cos” @ +sin*@) =(a -1, cos6)* +(/, sin6?)

(4.27b)
S2=a2-2al cos®+I;
and
' [, sinB
sin
tan @ = > =] - (4.27¢)
cos¢ a-I cosH
Differentiating Eqgs.(4.25) nets:
Scos@ -SsinQ =1, sin60
(4.28a)

Ssing +Scospo =1, cos89 ,

or
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COS(Q -—SinQ

{S } {sin@ }
(=l o :
So cos®

Differentiating Eq.(4.28a) w.r.t. time nets:

sINQ COSQ

Scosp -SsinQ@ —Scos<p(i)2 =1, sin®6 +2Spsing

+llcos992

Ssing +ScosQ —Ssin(p(i)2 =1, cos86 -2Spcoso
-1 sin0§” .

Substituting 6 =@, 0 =0,and rearranging gives:

Scos@ -S@sing =, ®?cos6 +2S@sing +ScosQQ

Ssing +Spcos¢ = -1, o*sin® -2S@cosp +SsinQ¢” .

The matrix equation for the unknown S and S is

{‘ZJ

L *cos® + 2S¢sing + S¢ cose

COS(Q -—SInQ

sin@ Cos@

3

-1, 0*sin® - 28 pcosp + S ¢ sing
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(4.28b)

(4.29)

(4.302)

(4.30b)



The engineering-analysis task 1s accomplished by executing the
following sequential steps:

1. Vary 0 over the range [ 0, 2x ], yielding discrete values 0.
2. For each 6, value, solve Eq.(4.25) to determine
corresponding values for ¢.and S..

3. Enter Eqs.(4.28) with known values for 6,, ¢;and S;. to
determine @, and S;.

4 Enter Eqs.(4.30) with known values for 0;, o,, S;, ® ; and
S to determine @, and S§..

5. Plot (i)l., ()i , (pl and S} versus 0, .
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Plate

Figure 4.24 Alternate

version of the mechanism
B in figure 4.22 with S as the
Pivot input.

Hydraulic cylinder
A C

[ T\ [ T\

For S as the input, Eqs.(4.28a) are reordered as:
Sesing +Ilésin8 =ScosQ

SPCcos —llécosG =-Ssino ,

to define @ and 8. Rearranging Eqgs.(4.29) defines ¢ and 8
via:
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-~ SsinQQ -1 sin@0 = - Scoso +Scoscp(i)2 +2S@sing +

3 cosH6’

ScosQQ -1 cos00 = - Ssing +Ssin(p(i)2 ~28¢pcosQ -
/,sin0§” .

The basic geometry of figures 4.22 and 4.24 tends to show up
regularly in planar mechanisms.

Vector, Two-Coordinate-System Approach for Velocity and
Acceleration Relationships

. VAN
I::R0+[.)+(0Xp (4.1)

F=R, +P+20xPp+dxp+ax(exnp)
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Figure 4.26
Two-coordinate arrangement for rod BD of the slider-crank
mechanism in figure 4.22.

The vector m 1s defined as the angular velocity of the X, y system
relative to the X,Y system. From figure 4.26 , using the right-
hand-screw convention,

0=-Ko=-ko .
: . do : ] . .y
Given that @ = — | vy » We obtain by direct differentiation
r - .
o=-Ko=-ko .
From figure 4.26,
p=Jjs .
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Differentiating this vector holding j constant gives

A Lg

p =JjS .
Differentiating again gives

/.\. o

p=js .

Substituting these results into the definitions provided by
Egs.(4.1) gives:

Fo=vp=0+jS-koxjS
Fp=ap=0+jS+2(-ko)xjS-koxjS-kox(-kpxjS)

Carrying through the cross products and completing the algebra
nets:
v, =iSQ +jS
e (4.31)
ag=i(S¢+25¢)+j(S-S¢°)

By comparison to figure 4.25, the unit vectors I and | of the X,y
system coincide with the unit vectors g, and g, used in the
polar-coordinate solution for Vg and ag.

Returning to figure 4.25, we can apply Eq.(4.3) to state the
velocities and accelerations of points A and B as:
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Vp=V, T XF p
Ap=a,+O XT p + O X (@O, X ,p) .

Since point A is fixed, vo,=a,=0. From the right-hand-rule
convention, ®, =K08, @&, =K06. From figure 4.25, ryg =1, (|
cosO + J sinO ). Substituting, we obtain

v,=0+K0x[ (Icos® +JsinB)

a,=0+K08, %I (Icos® +JsinB)
+ K0x [Ké><l1 (IcosB +JsinB)].

Carrying out the cross products and algebra gives:

vp=1,0(-1Isin® +JcosB)
) . (4.32)
ap=1,06(-Isn®+JcosB) -/, Gz(IcosG +JsinB) .

The results in Eqgs.(4.32) are given in terms of | and J unit
vectors, versus | and | for Eq.(4.31).
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Figure 4.27 Velocity and acceleration definitions for the
velocity point B in the X, Y system.

From figure 4.27:

Vg :S(i)(ISin(p +JCcoso) +S( ~Icos@ +Jsing)
“B:(S('I')—S(i)z)(lsin(p +JcosQ) (4.33)

+(S+2850)(-Icoso +Jsino)
Equating these definition with the result from Eqs.(4.32) gives:
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I: —Zlésin6=—Scosq)—S(bsin(p
J : llécose=Ssin(p+S(bCOS(p ,
and
I : —llésin9—11920039=—(§—S(b2) cos@ +(Sp +2S0)sing
J : llécos()—l1 ézsin6=(§—S(i>2)sin(p +(SP+280)coso ,
which repeats our earlier results.

Solution for the Velocity and Acceleration of Point D

The simplest approach ( given that we now know @,¢, and @) is
the direct vector formulation. Applying Egs.(4.3) to points A and
B gives:

V=V, T O XT p

Ap=Q,+ DX, p+ O, X (O, X7 ,p) .

We have already worked through these equations, obtaining
solutions for Vg and ag in Eqgs.(4.32). We can also apply
Eqgs.(4.3) to points B and D, since they are points on a rigid body
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(unlike point C ), obtaining:

Vp = Vg T, Xy,

Ap=Qg+ @, XFp, + 0, X (0, XFp,) .

Substituting from Eq.(4.34) for vg and ag plus @, =-K 0,
®,=-K¢,and rg, =1,(Icos ¢ - Jsing)into these equation
gives:

vD=llé(—IsinG +JcosG)—K(bXIz(ICOS(p—Jsin(p)
a,=108(-Isin®+JcosB) -1, 0> (Icos® +Jsinb)
—K(I)Xlz(lcoscp ~JsinQ) —K(bX[—K(bXZZ(ICOS(p ~-Jsing)] .
Carrying out the cross products and gathering terms yields:
v,=-I(1,08sin®+1 ¢sing) +J(I,6co8-1,¢cosp)
ay=1I( —llésinG -1 §° cos® —lzi[}sin(p —lz(i)ZCOS(p)

+J(llécos9 -1 §°sin® —lzibcoscp +12(i)zsin(p) :

These are general equations for Vp and &, . Substituting 0=m
and 0 =0 completes the present effort, with ¢@,¢ , and ¢defined,
respectively, by Egs.(4.28), (4.29), and (4.30).
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Lesson: The “best” method for finding the velocity and
acceleration of a specific point 1s frequently not the “best”
method for finding kinematic relationships.
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(b)
0.416 fi

S B
0.546 ft
C|
875 ft
20 ft
0.3 f1

Example Problem 4.6 Figure XP4.6a provides a top view of a
power-gate actuator. An electric motor drives a lead screw
mounted in the arm connecting points C and D. Lengthening
arm CD closes the gate; shortening it opens the gate. During
closing action, arm CD extends from a length of 3.3 ft to 4.3 ft
in about 17 seconds to proceed from a fully open to fully closed
positions. The gate reaches its steady extension rate quickly at
the outset and decelerates rapidly when the gate nears the closed
position.
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Tasks:
a. Draw the gate actuator in a general position and derive
governing equations that define the orientations of bars CD
and BC as a function of the length of arm CD.

b. Assume that arm CD extends at a constant rate (gate is
closing) and determine a relationship for the angular
velocities of arms CD and BE.

c. Continuing to assume that bar CD extends at a constant
rate, determine a relationship for the angular accelerations of

arms CD and BE.

Solution From figure XP4.6b:

horizontal :
S'sin@ =.416 +3.886 sing ; 3.886=1/3.8752 +.32

vertical :
S cosB =3.886 cosp-.546

(1)

S is the input and 6, are the unknown output variables.
Differentiating Eq.(1) with respect to time gives:

S sin® +S cos80 =4.92 coso o , S cosd - Ssinf0=-4.92 sinp ¢
(i1)
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Rearranging Eq.(11) and putting them in matrix format gives
4.92 cos -ScosB [ . | sinB
® (P =S : (iii)
9 cosB
Differentiating Eq.(11) gives:

-4.92sinp SsinB
S sind +2.56 cos 0 +S cosdf - S sin 6’
=3.886 cosQ ¢ - 3.886 coscp(p2

S cos® -2.50 sin® - Ssin8 - S cos§6”
- ~3.886 sing ¢-3.886 cos 0@

Rearranging the equations gives:

3.886 cos@ @ +S cosH
=§sind +256 cosO - S sinO8°+3.886 coscp(i)2 =81

-3.886 sing ¢ +Ssin6 0
=$ cos® -250sin6 - S cos06” +3.886 coscp(i)2 =g,

(iv)
. g
AR
3 &>

In matrix format, Eq.(1v) becomes

3.886¢cosp -ScosH
3.886sing Ssin6
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Figure XP4.6c¢ illustrates the solution for 8,9, 8,¢, and 8,¢
versus S.

theta & phi (degrees)

120
100 |
80 |
60
40 |
20 |

0
-203.2 37 42

theta dot & phi dot (rad/sec)

—theta
- phi

0.2
0.15

o — Theta dot
0.05 - - - phi dot

3.2 3.7 4.2
theta ddot & phi ddot (rad/sec”2)

0.03
0.02
0.01
0
-0.013
-0.02

0.04 : ‘

— theta ddot
--- phi ddot

4.2

S (feet)

Figure XP4.6¢ Angular positions,
velocity, and accelerations versus S
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Lecture 22. PLANAR KINEMATIC PROBLEM
EXAMPLES

Meriam 5/33.

The hydraulic cylinder is causing the distance OA to increase at
the constant rate of 50 mm/sec. Calculate the velocity and
acceleration of the pin at C when 6 =50°.

GEOMETRY
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Geometric constraint equations:
X = 2(.15m cosB) = .3m cos6

Y = 2(.15m sin®) =.3msinB .

Differentiating w.r.t. time

X = -3sin0 0 m/sec, Y = .3 cos88 m/sec . (1)

Setting ¥ =50 mm/sec =.05m/sec and solving for 8 at § =50°
gives
§ - .05 m/sec 959 rad
3 m cos(50°) secC

Solving for X,

X = -0.3sin(50°)x.259 =-.0596 - = V.=-1.0596 -
SCC SC€C

Differentiating Eq.(1) w.r.t time gives

X = -3 5sin0 6-.3 cos8 §° m/sec?
(11)
Y = 3 cos80-.3 sin0 6" m/sec?

Substituting 8 =.259 rad/sec and Y =0 nets
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Y =0 = .3 cos50°8 -.3 sin50° (.259%)

sin 50° _0.08 rad . (i11)
cos 50° sec?

- 6=.2592

Substituting 0 =.259 rad/secand 8 =.08 rad/sec? gives

X =-.3xsin50°x0.08 - 0.3 xcos 50degr x (.259)*

=-0.0267 m/sec” .

Hence, a,.=-10.0267m/sec”.

Meriam 5/40

For the time of interest, the hydraulic cylinder is extending at the

rate S . Determine relationships for the vertical velocity of the
lift.
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GEOMETRY

Geometric constraint equations:
Y: b sin® = § sin ¢

X:bcos® + Scosop =1L .

Differentiating the geometric constraint equations w.r.t. time
gives:

b cos® 6 = S sing + S cosp ©
o . (V)
- b sin® B + 85 cosp -5 singp ¢ =0 .

b 6 ) S sin ¢
S ¢ S cos ¢ |

95

In Matrix format,

cos®  -coso

sin B sin @

Solution from Cramer’s Rule



D = cos8 sing + sin® cosg = sin(0 + @)

: S sin -COS : :
DbO =| P P = S (sin®? ¢ + cos® ¢) = S
S cos ¢ sin @
b= 5
sin(0 + @)
Substituting to define Y
Y =2 b cosO 0 = 2.COSGS
sin (0 + @)

If we needed Y, we could differentiate this equation w.r.t. time .
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Meriam 5/49

) For the instant when

T [0 200 y =200mm , the hydraulic
m cylinder at C provides the
vertical motion defined by
®B

Y ¥ =400mm/sec and
y=-100mm/sec. Solve for
200 o the angular velocity and
‘Y_A angular acceleration of link
i AB.
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GEOMETRY

Kinematic constraint equation

y = 2rcosf

Differentiating w.r.t. time gives

y = -2rsinf0

y = ~2rcos88° — 27sinB

Fory =200 mm, 6 = 60°

y =400 mm / sec = -2(200 mm)sin (60°) 6

9 = -1.155 rad

SCC

j= -100 = -2(200) cos (60°) (1.155)* -2(200) sin(60°)

§ - —481 rd
S€C
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Meriam 5/53

X‘\' /)\\

\ AN / e
N & \ % l‘%‘, Lo

L 200 I
I mm 1

The Geneva wheel produces
intermittent motion of the right-
hand side wheel due to a constant
rotation rate of the left-hand (drive)
wheel. For 6=45°, o, =2rad/sec,
determine ®, and @, .

Geometry

O

r sin@ = § sin @
r cos® + S cos ¢ =L

r sinf
L - rcosB

} S = r2 + L2 -2LrcosH

tan ¢ =
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Differentiating w.r.t. time gives

rcos® 8 = S sing + S cos@ (p
~rsin® 8 + S cosgp - Ssing ¢ = 0 .

0 is given; S and S¢ are the unknowns.

Matrix equation of unknowns,
Sq . | cosf
L roy :
S sinf

Solving using Cramer’s rule, D = cos* +sin’¢ =1, and

COS sin @

—-sin@  COSQ

cos® s

DSo=r6 =r0(cosB cosp -sinb sing )

sin@  cos@

0 =70 cos(0+¢)/S,

and ®, = -Ko¢. Solving for S,

COS cos®

DS=r0 =70 ( cos® sin® + cosO sing )

-sin@  sin®

S =70 sin(p+6 ) .
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Differentiating So yields:

Sep+So=rBcos(p+0)-rOsin(p+0)(p+86)
=-r@sin(e+0)(p +9),

since 6 =0. Hence

0=-[So+r(¢ 8+6%) sin(p+0) ]/ S

and ®, = -Ko.

Differentiating S gives

&

rOsin(e +0)+rB8cos(o+08)(o +8)
r (0o +6 )cos(op +6).
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Lecture 23. PLANAR KINEMATIC EXAMPLE
PROBLEMS

Crank OA is rotating with constant angular velocity o, =6. Derive
general expressions for the angular velocity and angular
acceleration of link AC. Also, derive general expressions for §
and §. What is the velocity and acceleration of point C?

Geometric-constraint equations:

rsin § =8 sin @

(1)
rcos O + Scosop =d = rcos0 =d -Scos .
Differentiating w.r.t. time gives:
rcos 90 =Ssing + Scos oo
(2)

—rsin ® 08 =-S cos ¢ + S sin ¢ ¢ .

Matrix equation for unknowns
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sin @ cos @

S . | cosB
=r0y .
S sin®

Solving using Cramer’s rule, D = -sin?¢ -cos’¢p = -1

cos@  -sin @

cos®  cosQ | = § (-sing cos® - sin® cosq

DS =r@| . . '
sin 6 -sing | =r6[-sm(p+0)] .
~S=rH sin(@ +0)
DS¢=rb sing cc.)sf) :rQ (sing cos® - cos @cosQ)
COSQ sin@| =r8[-cos(p +6)]

+ 8o = rBcos(o+86)

Differentiating S w.r.t. time with 8 =0 gives

S=r0sin(p+0)+r8 cos(p+0)(p+6)=r(0¢ +92) cos(@ +0)
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Differentiating S¢ w.r.t. time with 8 =0gives
Sep+So=r0cos(p+8)-rOsin(p+8)(¢+0)
- —7(6°+80) sin(¢o +9)

Alternatively, differentiate Eq. (2) to obtain

- rsin08’ =Ssin@ +S @ cos® +SP cos @

+SQ cosQ —S(i)2 sin @

78 +7rcos06’ =S cosp-Sosing -S¢ sing

-Sosing —S(i)2 COS

Matrix equations

sin@  COSQ

COS@ —SsIinQ

My

\ r cos06° +28¢ sing +S(i)2 CoS
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~rsin0° -2S¢ coso +S(i>2 sin @ |
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Vector-approach solution to find the velocity and acceleration of
C.

Vector relations for points A and O:
V,=Vy+®,,%Tg,=0+K0xr (Jcos®+Isinb)
=r8(-Icos® +Jsinb)

a,=05+Do, XTo T O X(Qg, X Tp,)

=0+0+K0xr0(JcosB +IsinB) = —réz(JcosG +1sinB)

Vector relations Vector relations for points A and C:
Vo=V, + O XF =V, ~-KoxL(Icos®-Jsing)
=r0(Jcos® -Isinf) -Lo(Jcosp +Ising)
Ac=a,+ O X+ O X(OXrc,)
=a ~-KoxL(Icosp-Jsing
~-Kox-Lo(Jcoso +Ising)

=r92( ~Tcos®-Jsin®)+Lo(-Jcoso -1 sing)
+L(i)2(lcoscp ~-Jsme)
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2. The wheel rolls to the right without

slipping, and its center O has a constant A
velocity v,. Determine the velocity v and A
acceleration a of a point A on the rim of -~ 0
the wheel in terms of the angle 3 I
measured clockwise from the horizontal. '
Note, [ 1s not the rotation angle of the

wheel. It simply locates point A.

]
N

. o
Vo

Rolling without slipping implies:

x=r0,x=v,=r0,x=r8=a,=0

The velocity equation gives

sing  cosB | =;§ (sing cos® - cos @coso)

DS¢=r8 .
=rB[ -cos(p+0)]

COSQ sin®

The acceleration equation gives
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a,=a, + ® Xry,, + 0% (@x<r,,)
=0-KOxr(-Icosp+jsinB)-KOxr8(Jcosp+Isinp)
=r8(Jcosp +IsinB)+r92(IcosB—Jsin[3) :
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3. Link OB has a constant clockwise angular velocity o,,. For
general positions of the assembly, derive general expressions for
the angular velocities and angular accelerations of links BA and

AC.

Kinematic-constraint equations:
r, cos®, + r, sinB, + r; sinb; = b

-r, sin®; + r, cosB, + r; cosB; = a,

or restated with 8, as the input variable

r, sin®, + r; smb;, = b - r; cosb,

(1)

r, cos®, + r; cos®, = a, + r, sinb,

Differentiating w.r.t. time gives
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r, cosb, 8, + r; cosb; B, = r, sinb, B,

(2)

-r, sin®, 0, - r; sinB, 6; = r, cosH, 6,

In matrix format,

T ( . A

cosf, cos®;, | |r, 6, .| sin®,

| -sinB,  -sinB; | |4, 6, cos 6,

J

Differentiate Eq.(2) w.r.t. time to obtain:

.o .o . 02 . 02

. .o o2 o2

. .o . .o o2 .2

.o . .2 . .2
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In matrix format,

cos®, cos®; | |7, 6, 1

-sinB,  -sin®; | |, @, I

\ J

.2 L4 .2 . .2
f, = —-r, sin@ & + 7, cos®, 8 + r, cosH, &
2 1 1 ~1 2 2 72 3 3 73

Solve using Cramer’s rule.
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