Lecture 13. LAGRANGE’S EQUATIONS OF MOTION Generalized = The least number of coordinates that
Coordinates  are required to define the position and

Lagrange developed an alternative approach to deriving equation location of a system of particles or rigid

of motion to Newtons’s Tf=m# force differential equation bodies.

approach. A review of Lagrange’s development is the subject of

this lecture Choosing to use more coordinates than the minimum number of

coordinates will result in relationships between the coordinates;

€.g., using Xx,,X,,y;,y, yields
6 i
o, are constant Bl Xy =l Xty =l (6.1)
Y2 e
¢, The Cartesian coordinates x,,X,,y;,y, can be defined in terms
b of the generalized coordinates 6,,0, as

x,=1sin@, , y,=/,cosf,,

2 . (6.2)

x,=1;sin®, +1,sinB, , y,=/ cos6,+/,cosb, .

The double pendulum has two degrees of freedom; e.g., We are going to develop Lagrange’s equations of motion for a
8,,8,could be used to completely define the positions of the two system of n particles with k degrees of freedom. For the double-
masses. 0,0, are generalized coordinates satisfying the pendulum, with0,,8, as generalized coordinates the number of
following definition: degrees of freedom equaled the number of particles. Using

X{,X5,¥1,Y, as generalized coordinates would yield four

coordinates for two degrees of freedom. | In general, k<n.
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The kinetic energy far our system of particles is

PR /1
_ I 2_
T_EE m;v; =
Jj=1 Jj=1

where v; = i)éj +j y;+ k)éj is the velocity of mass m; with respect

to an inertial coordinate system. For the double-pendulum
example, this equation is

m m
T=71(x3 +y0) +72(x§ +97) . (6.4)

Returning to the general situation, the n Cartesian coordinates,
(x;,¥;,z;;i=1,n)can be stated in terms of the k generalized

coordinates (q;;i=1,k) as

%E m (3] 4] +2]) (6.3)

L . 00y,
y=Y, =24, (6.6)

I/ i=1 aq,

[velocities: | z": 005

where ¢,is the ith generalized velocity. For the double-pendulum

example, the two generalized velocities are (91 , 92)

Outline of the Derivation

= holonomic
57O (01 o) constraints:
>— licit
Y-:(P-z(ql,qz, ...... qk)a not eXp ICI .
T functions of time

ij(Pj3(q1:Q2, ------ q;) -

Eqgs.(6.2) provide these expressions for the double-pendulum
example with (8,,0,)serving as generalized coordinates.

Differentiating Eqgs.(6.5) defines the Cartesian velocity
components as

The physical expression that we will use in developing
Lagrange’s equation is
dT=dw = dT-dWw=0, (6.7)

In the following
developments we will obtain expressions for dT and dW of the
form:

dT=A1(qi,q'l.)dq1 +A2(qiaqi)dQ2+ -------- +Ak(q,.,q',.)qu >

dW=B,(q;.4;)dq, +B,(q,,4,)dq, +........ +B,(9;,4,)dq; -

(6.8)
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Substituting these expressions intg dT -d W =0 |gives

[Al(qjsqi) _Bl (q,,q,)]dql + [A2(qj9qj) —Bz(qi,q'i)]dqf...
+ [Ak(qisqi) _Bk(qiaqi)]quzo

(6.9)

Because the generalized coordinates are linearly independent,
each of the coefficients must equal zero, giving the k differential
equations of motion

Aj(qisqi) _Bj(qisqi) =0 j,i= 19"'

(6.10)

Most of the work in the development involves getting the
expressions for dT and dW in Egs.(6.8) and (6.9), respectively.

Derivation

Hoping that you now understand the variables and the ideas,
we will proceed with the derivation. Substituting From Eq.(6.6)
into Eq.(6.5) gives

T=—E [(E Wi g

+(E )2+(E ﬁq)z

11a

6.11)

Note that this expression for the kinetic energy is a function only
of the generalized coordinates and the generalized velocities; i.e.,

T=T(q,,4,) - (6.12)

Taking the partial derivative of T with respect to each
5

generalized velocity gives the following k equations

oT & k 0¢, . 00,
=l mI S

aqm J=1 i=1 q; aqm
k. 0o, [0
( _qui)_z
Z; 9q;, g,

k  do. 00.
X 284y 280 m=1,k .
i=1 aql o

m

Multiplying each expression by the appropriate ¢,, gives

q-mﬂ =Y m( E (pﬂ 9 4 —4 +|use Kroneker delta

94, j-1 R 9y, aqm fn
(Pz
( 1 qm+ /
lX} aq, aqm
—’3 cm=1,k.
2 a G ]

m

(6.6) y_dot"2 |

Summing thesquations gives

n

Eqm [(E B 0 +(3 oy, 22

Im J- i-1 9q; Z1 i1 9q,

n
2.2 .2
= AX., +y. +Z. )F
. lm](x] y; +Z) 2T .
=

The abrupt simplification of this result follows from Eq.(6.6) that
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defines the Cartesian-coordinate velocities in terms of
generalized velocities. Reversing this equation gives
k

2T=Z::1 q’”%' (6.13)

Differentiating with respect to time yields
dT _ aT . d, oT

dr oq, (6.14)

We can use the functional definition of Eq.(6.12),
T'=T(q,,q,)to obtain the following alternative statement for

dT/dt

ar.y; A O

> 5 (6.15)

m

Subtracting Eq.(6. 15) from (6.14) gives

d, oT, or
dt JE[dt(a_) aq,, 14,

Hence,

dT- E[d aT

dta :7];

(6.16)

This is the desired final expression for dT cited earlier in
Eq.(6.8).
oving onwards to develop the comparable expression for

dW .[we can state

dw = Z ods = Z(f dx+f, . dy,+f,,dz.)

n 99, k39, LT
WORK | =} [];,-(Z dq;) +fyj(2 dq;) +fz,-(E dq,)] .
j=1 i-1 0q, i-1 0q; i-1 9q,

Reversing the order of summation gives the final desired result

aWork=Y" 13" 1, aq’”) (E % (')’2) (E % a(')”)]dq,-
i=1 j=1 q; q;

) (6.17)
Z; 0.dgq; ,

where the Q,’s are the generalized force terms defined by

0, (E 90y, (E 90y, (E 9y,

x]a J’Ja Zja

Recall that several of the one-degree-of-freedom problems of
subsections 3.6b and 5.7c involved generalized forces.

Eqs.(6.16) and (6.18) provide the requisite definitions for dT
and dW for Eq.(6.8); hence
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k
Z [i(ﬂ)_ﬂ

- dg =0 .
Y00 oy Ol (6.18)

Because of the g,,’s linear independence , all of the
dgq, coefficients must be zero, and the Euler-Lagrange

differential equations of motion are

d, ol oT
—(=—)——=0,; m=12,..k.
dt(aq.m) og. Smi (6.19)

m

This form of the equations can be made more useful by
separating the generalized forces into conservative and
nonconservative terms as

Qm = chons + an.C. =

o V(q;)
- +
Jq,,

an.c. °

Remember that a conservative force can be expressed as the
gradient of the potential-energy function V. Note also that V is
a function only of the generalized coordinates, not the
generalized velocities g,. With this definition, Eq.(6.19) can be

stated

d AT~
dt' 04

Ny a(g—m -0 im=12,.k,

m m

where, dV/dq,, =0because V is only a function of the

coordinates q,, . Finally,

d oL, oL

— = sm=12,..k,
at'aq ) T og OQne. (6.20)

where the “Lagrangian function” L is defined as

L-T-V. (6.21)

“Dynamicists” occasionally argue the issue: Is the variational
approach more or less fundamental than the Newtonian approach
to dynamics? Note in developing the present equations that the
physics of this development starts with dT = dW, an integrated
form of X f=m#, and, Newton’s approach is taken as the

starting point.

Applying Lagrange’s Equation of Motion to Problems
Without Kinematic Constraints

The contents of this section will demonstrate the application
of Egs.(6.20) in developing equations of motion for systems of
particles and rigid bodies. The examples considered in this
section have generalized coordinates implying no constraint
relationships (equations) between the coordinates.

Two-mass Vibration Example
The engineering-analysis task associated with this problem

10
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is: Apply the Euler-Lagrange Eqs.(6.20) to derive the governing
equations of motion. The logical generalized coordinates to use
for the task are x,,x, with their associated generalized velocities

X,,X,. The kinetic and potential energy functions are defined in

terms of these variables by

.2 .2 2
myxy  MmMyx, ki, Kk 2 X3

= + , V=—x; +—=(x,-x ) +k,— ;
2 2 1Ty T e

hence;

11

(a)

k]_.l'l kz(_\.'z - _Yl)
< my ms; |« k3o
S1(0) —> > ,(1)

X1 X2
k2(.?(1 - .\'2)
k1xq
‘ | |-—] | kaxo
filn) fol1)

(c)

Figure 6.2 Coupled, two-degree of freedom spring-mass
system.

The differential work due to nonconservative forces is

dw, . =ifsidx, +ifysidx,=f dx, +f,dx, .

From Eqs.(6.18), the generalized forces associated with dx, and

dx, are, respectively, f; and f,. The equations of motion are,

12
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accordingly:
d oL oL d )
E(a_xl) _a =0, = ;t(mlxl) —[-kyxy +ky (% -%1) =1
(6.22)
d oL

oL d .
Z(a_xz)_£=Q2 = E(”ﬁxz)_[_kz(xz _x1)_k3x2] =f2 >

and the final differentralequations-of motiomn are:
my X, +(ky +ky)x, ~kyx, =f;

(6.23)

myX, —k x, +(k, +ky)x,=f, .

As expected, these equations of motion coincide with
Egs.(3.101) obtained via X f=mF .

However, this apparent advantage of the variational
approach disappears for the two-mass example of figure 3.44
which includes damping. Eq.(3.103) provides the differential
equations of motion (from X f=mF¥) and can be restated as:

m %+ (ky +ky)x) —kyx, =f1 (1) —(c) +¢y) %) + ¢y %, =0y

(6.24)

myX, —k,x, +(ky +ky)x, =f,(¢) +c, %, - (¢, +¢3)%,=0, .

The terms on the right O, ,0, are the net nonconservative forces

acting on the two masses. Substituting these values into
Eq.(6.20) to define the differential work due to nonconservative
forces gives

13

dw, . =iQ idx +iQ,eidx, =0, dx, +0Q,dx, .

Substituting for Q,, 0, from Eq.(6.24) will yield the correct
differential equations; however, Q,,Q, are obtained from the

free-body diagrams of figure 3.43b, and their development
constitutes most of the work in arriving at the equations of
motion, Egs.(3.103). Since a central advantage of the variational
approach is avoidance of free-body diagrams, energy-dissipation
forces reduce some of the advantages of the Euler-Lagrange

equations
Double-Pendulum Example

. Figure 3.25 Double

V2 ! pendulum.

X1

X

Develop the governing equations of motion using the Euler-

14
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Lagrange equations.

D

The angles 0, ,6, will be used as generalized coordinates. From
Eqgs.(6.2),
x,=I;sinB, , y, =1 cosb,,

(6.2)

x,=1sin®, +1,sinB, , y,=1l cos6, +/,cosH, .

Differentiating fives:

%, =1,cos8,8, , y,=-1,sin6, 6,
%,=1,c0s8,8, +1,c0s0,0,, , ¥,=-15in0,0,-1sinb,H, .
Hence, the kinetic energy function is
m m
T=—tG )+ ;)

21802+ 2211 8,)2+(1,8,)% +21, 1,8, (cos®, cosh, +sin . sin, )b, ]
_7 171 7 171 272 1271 1 2 1 2772

Do 2 e 221162 +(1,6,)2 21, 1,6, 6, cos (6, -6
‘7(11) 7[(11) (1,9,) 15,8,0,c08(8,-6,)]

15

Using a horizontal line through the upper pivot point as datum
leads to the following definition for the potential-energy function

V=-wy, -w,y,==-w,l cos8, -w,(l,cos8, +,cosb,) .

Hence, the Lagrangian is

(’"IT’"”zfef%[(1292)2+211129192cos(91 ~8)]

L=
+[w, [,cos6, + w,(l,cosB, +1,c0s6,)] .

For the coordinates selected, the Euler-Lagrange equations

arc:

d oL aL_O d oL aL_O

E(a—él)—a—el— , E(a_éz)_a_%_ - (6.25)

The partial derivatives with respect to generalized velocities are:

a—_L =112(m1 +m2)€)1 +m21112(')2cos(61 -9,)
1

OL 128, +m, 1,1, cos(8, -8,) .

3,

The derivatives of these terms with respect to time gives:

16
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d aL . .
E(g) =112(’"1 +m,)0, +m,1,1,8,cos(6, -6,)
1
-m,1,1,8,sin(8, -6,) (8, -6,)
o (6.26)

E(g)=m2122§2+m21112§1005(61 -8,)
2

-m, 11,8, sin(8,-6,)(8,-H,) .

Note the last terms in these expressions. Continuing with the
partial differentiation yields:

OL i, 1,1,8,8,sin(8, -8,) - (w, +w,)],sind,

1

S_GL =my1,1,6,8,sin(8, ~8,) ~w,,sin6, .

2

(6.27)

Substituting these partial derivatives into Eq.(6.25) defines the
governing equation of motion for 6, and 6, as:

(m, +m) 118, +m,1,1,6,cos (0, -0,) -m,1I,1,8,sin(8, -6,) (6, -8,)
+my1,1,6,0,sin(8, -8,) +(w, +w,)/sin®, =0
my 1y 8, +m, 1, 1,8, cos(8,-0,)-m,I 18 sin(8,-0,)(6, -6,)

-m,1,1,0,6,sin(8, -6,) +w,L,sinB, =0 .

17

These equations reduce to:

(m, +m)) I8, +m, 1, 1,8, cos (8, -8,) - m,1,1,65sin (8, -6,
+(w, +w,)[,sin6, =0

. . . (6:28
m, 138, +m, 11,8, cos(8, -6,)-m, 1, lzefsin(ﬁ1 -8,)
+w,1,sin6,=0 ,

and coincide with Egs.(3.137) that were derived from Xf=mF.

Note that these equations were developed without recourse to
free-body diagrams, and only velocities were required in the
kinematics development.

Please go back and review the Newtonian development of
these equations in subsection 3.5b. Following the statement of
Eq.(3.109), there are three equations in the three unknowns

(T,, él , 92) Note particularly T, , the tension in the lower

C.

cord and its presence in the free-body diagram of figure 3.43. In
a Newtonian development, T, is of obvious importance in
accounting for the forces acting on the two masses. However, in
the Lagrangian formulation, T., does no work; accordingly it
does not appear in the Lagrangian development. The
“nonappearance’ of reaction forces in the Lagrangian
development is a major factor in their utility. You don’t need to
spend time working through algebra to eliminate them, because
they never appear in the first place.

18
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