EXAMPLES for PREDICTION OF
THE TRANSIENT RESPONSE OF
1DOF MECHANICAL SYSTEMS

The figure shows the dynamic free response (amplitude [ft] versus time [sec]) of a simple mechanical structure. Static load measurements
determined the structure stiffness K=1000 1by/in. From the measurements, determine

a) damped period of motion Ty (sec)

b) damped natural frequency wq [rad/s],

¢) Using the concept of log-dec (3), if applicable, determine the system damping ratio & Explain your method

d) Undamped natural frequency o, [rad/s],

e) Estimate the system equivalent mass, M, [1b]

f) Estimate the system damping coefficient, C, [lb¢ s/in]

|dentification of parameters |Use LOGDEC

»
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(a) Determine damped period of motion: Ty = 0.6-sec from 4 periods of
' m motion
4 damped motio T4 = 0.15sec

i : 27

(b) Determine damped natural frequency: 0gi= =% rad
Td  ©g=41.888—

(c) Determine damping ratio from log-dec: Se¢

Select two amplitudes of motion (well spaced) and count number od periods in between

Xo = 0.23 -1t after n:=5 periods Xq = 0.05-ft

. . . 1 Xo
Log-dec is derived from ratio: 0 :=—:In| —
n Xn

d = 0.305

from log-dec formula 5 = 2-m-§

(=) &7 :

(4-;:2 + 62)'5 £ =0.049
1
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0
Note that approximate formula: —— = 0.049 is a very good estimation of damping

2-m ratio
(d) Determine damped natural frequency: [OF|
Op =

205 rad

1-& o, = 41.937—

S€C

a little higher than the damped frequency (recall damping ratio is small)
(e) Determine system mass:
3 Ibf

Static tests conducted on the structure show its stiffnesstobe K =1x 10"—
n

and from the equation for natural frequency, the equivalent system mass is

K
M, = -
On M, = 219.5261b
(f) Determine system damping coefficient: 0.5
Ce = &'2'(K'Me) ' sec
Ce =2.3141bf-—
n
Note: sec
Actual values of parameters are M = 2201b C=241bf-— ¢ =0.05
n =V



TRANSIENT RESPONSE - COLLISION

The car of mass M=500 kg is traveling at constant speed V,= 50 kilometer/hour when it hits a rigid wall. A spring (K) and a viscous

dashpot (C) represent the car front bumper system. The system natural frequency f,=3 Hz, and the dashpot provides critical

damping. Disregard friction on the car wheels and ground.

a) Derive the EOM for the car after the collision using the coordinate Y(t) that has its origin at the car location when the bumper
first touches the wall. Provide initial conditions in speed and displacement. [10]

b) State the solution to the EOM, i.e. give the system response Y(t) as a function of the system parameters [natural frequency,
damping ratio, etc] and initial conditions. [10]

¢) Find the maximum bumper deflection and the time, after collision, when this event occurs. Compare the calculated deflection
with the maximum deflection for a system without damping. Comment on your findings. [5]

d) Sketch the motion Y(t) vs. time (to 0.5 sec) labeling the axes with physical units and noting important parameters. Will the car
bounce from the wall? Explain your answer. [5]

1000-m
a) EQN of motion for car after collision, use Y coordinate: (Y=0, no bumper deflection) ph == 3600-s
> _ Fdamper = cly Y(0)
M'?Y = —Fdamper - Fspring dt ‘l—’
t \Y
Fspring = K-(Y — 0) —» bumper
Rigid
Thus the EOM is: . d M wall
M-—ZY +C—Y+KY=0 (1) car
dt dt () O
with 1.C's at t=0 Y(0) = Yg = 0-m no bumper deflection, and
and d_Y =Vg Vg:=50kph= Vg= 13_889m car speed at instant of collision with wall.
dt S
Known: natural frequency and mass of car
fr:= 3-Hz M := 500-kg
On = fn'2'TE
. 2 natural period of motion
calculate stiffness: = M- N
K:=M-on K= 1.777 x 10°— 1
m Thi=—
fn
Transient response of critically damped system, step force Fo=0 =1
d2 q att=0 m
M'_ZY +C=Y +KY=F, +initial conditions  Yp:= 0-m Vg = 13.889 — and  Fg:= 0-N Fo
dt dt s Yo = —
F h h <
rom cheat sheet, _ st _ -
soln is: Y(t) = e (AL + tAY) + Yes (2) where ss:= —op root of characteristic eqn.
1
A1 =Yg - Ygs (Ars+ Ag) = Vg ss = —18.85 =
Q
— \/n — Aq. m
A= Vo = Arss Ap=0m Ap=13889— _.
B =
The dynamic response of the car Y(t) is given by: ;
Y(R) = e tAy  (3)
The graph below displays the car motion for a time equal to 3 periods of natural motion (undamped). Note the
overshoot and largely damped response w/o oscillations. The car does not bounce from the wall.
Tmax = 15Tn
without damping, max bumper deflection is
1 2 1 2 Vo
Based on PCME =.M-Vp~ = =KX X =—
g 0 T R max LS Xmax = 0:737m
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system response after collision

— 074 | | | fn = 3Hz
E
£ 055 — Th=0.333s
>
% 037
£ Calculation of maximum bumper deflection
(&}
= 018 — It occurs when velocity is 0 m/s
a 0 | | (Take time derivative of soln, Eq. (3), to obtain)
0 0.13 0.25 0.38 0.5 B
time (sec) V(1) = Ap-(1 + ssit)-e
Graph not for exam Bumper velocity is null at time ta
. 1+ssty)=0
system response after collision 1 ( a)
13.89 T T T Hence tg:= —
< Ss ty= 0.053s
E
§ Maximum deflection:  Y(ta) = 0.271m
§ compare to undamped system: Xy = 0.737m
-10 | | | X
max . . . .
0 0.13 0.25 0.38 05 —— =2718 A significant reduction in deflection.

time (sec) Y(t) Note how quickly the dashpot
dissipates the initial kinetic energy.

Comparison not for exam| for completeness, compare the response with that of a lightly UNDERDAMPED system

¢ := 0.05 _ / 2 _ Vo -Copt Note that model with little
od = onyl -G X(®) = md'e 'Sm(md't) damping predicts the car will

bounce from wall.
system response after collision

0.74 eee, 1 T T

= cte, Let's find the forces transmitted to the
= wall - certainly same as force "felt" by
> - car
‘Ej 0 Fu(t) = K- Y(t) + C- V(1)
@ % o
Q _— — .. .. -
L;_ 042 Seneet Felas_max := K'Y(ta)
2

-1 ' ' ' Felas_no_damping = K-Xmax

0 0.13 0.25 0.38 0.5 4
time (SeC) Felas_max = 4816 X 10 N

= critically damped
*+<** lightly damped .
kN Felas no_damping = 1.309 x 10°N
Bumper forces after collision

48.16 T T T
z K= 1777 105%
g 24.08 I :
1S Note how large is the force
g in the bumper. No wonder
- 0 | | why a car crash is always a

0 0.13 0.25 0.38 05 disastrous event!
time (sec)



CAR BUMPER SYSTEM RESPONSE TO AN IMPULSE MEEN 363 - FA03 LSA(c)

The sketch shows a test stand for automobile bumpers. Each of the two
shock absorbers consists of a spring having a stiffness K=3000 N/m that acts
concentrically with a dashpot (C). The bumper mass (M) is 40 kg. The
system is at rest in the static equilibrium position when a force F having an
impulse of 2000 N-s acting over a short interval is applied at the centerline
of the bumper.

(a) determine the value C that will bring the bumper to rest in the shortest
possible time without rebound

(b)If C= 1500 Ns/m determine the displacement x(?) of the bumper.

(c) Find the bumper’s maximum displacement from the equilibrium
position and its time of occurrence. Is the result reasonable? Explain.

Assume: F()
bumper is rigid - undeformable *
X=0 denotes SEP.

M (bumper)

I 3 K
c o | =
For motions from the static equilibrium position, ‘—Jl'—’g ! ‘—Jl'—’ <:' Shock

The equation of motion is: absorber

d? d
M-—2X +2.C—X+2-K-X=F
dt dt
where M := 40-kg bumper mass, regarded as rigid - non deformable

K:= 3000~E absorber stiffness and damping coefficients
m

C (damping coefficient to be determined)

2-K S rad
The natural frequency equals o, = (—) o, =12.247—
M S

oy
f,=— f,=1.949Hz
21

(a) The system must be critically damped to bring the damper to rest in the shortest possible time. Thus, the
amount of physical damping C must equal (for each shock absorber)

5
(= 2:(2K-M)

C.. S
cri Corig = 979796 N-—
1 N:-s .
C = E'Ccrit C =489.898 —  Amount of damping on each absorber
m
N-s . . 2-C
(b)If C:= 1500'? , the damping ratio is & = — £ =3.062 i.e. an overdamped system

crit
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The solution of the EOM, with RHS =0, is:

Sq-t SH-t Sq-t SH-t
1 2
x(t) = A-e ! + B-e 2 d—x =As;re +Bssye
dt

The roots of the characteristic equation are

s; = Co,+ wn-(ﬁz - 1)‘5

1
s] =-2.056—
S
5
2 1
$H = &, - wn-(ﬁ - 1) Sy = —72.944€
satisfying the initial conditions. At t=0 s x(0)=0=A+B Thus, B=-A no initial displacement
The impulse produces an initial velocity equal to mp
=yy=—= =A(s, — as explained in class
Imp := 2000-N-s v(0) =vy M A (51 Sz) P
_ Imp n
Yo T Ty vy =50— initial velocity is quite large!
S (180 km/hour!)
A= —VO
(51 - Sz) A =0.705m
for graphing
thus, the dynamic response of the bumper after the impuse acts is: |
T, =—
f
DISPLACEMENT n
spt syt - 2.
x(t) == A-(e b e 2 ) Thhax = 3Ty
1
Note large overshoot
—_ (max deflection)
) and return
<X 05 — to equilibrium with no
'é oscillations.
0 | | : | |
0 0.51 1.03 1.54 2.05 2.56 3.08
t
time (s)
VELOCITY

Slt Szt
v(t) = Ale sy —e sy m
v(0-s) =50—



50

E‘ &
> V() 0
5
>
50 | |
0 0.51 1.03

1.54
t

time (s)

Max bumper displacement (deflection) occu

rs when velocity equals 0,i.e

S1tMm Y
V=0=A-(e sy —e Sy

$q-t
1''™M
e $2

syt 81
c

take natural log of both sides to find

(51 2)tm = 1‘{

S

51

and the maximum bumper deflection is

]

52

In| —

M Sl —52
tyg = 0.05s

x(tyg) = 0.618m

This is a large deflection! probably bumper will deform plastically
before this occurs.



Example Problem: Seismic instrument

The figure shows a seismic instrument with its case rigidly attached

to a vibrating surface. The instrument displays the motion Y(t)
RELATIVE to the case motion Z(t).

a) Derive the equation of motion for the instrument using the

relative motion Y(t) as the output variable. Show all
assumptions and modeling steps for full credit.

b) Determine the instrument natural frequency a, [rad/s]and

critical damping D, [Ib.s/in] for M=0.02 Ib and K=13

Ib/in.
c) When will the instrument show Y=0, i.e. no motion?

d) If the vibrating surface moves with a constant acceleration of 3

MEEN 363 FALL 02
kinetics of M-K-C system
L San Andres

Case of mass Mc

Vibrating K D

surface
(L

=

<y
40)

g, what will the instrument display at s-s? Give value in inches.
Note: the sensor works under all attachment configurations, i.e. vertical, horizontal, top, bottom, etc.

a) EQN of motion using Y (relative) coordinate:

The relationship between the absolute motion X(t) of the sensor mass and the case motion is

X(t) = Z(t) + Y(t) (1)

PCLM (Newton's Law) refers to inertial (absolute) references:

2
ME’;%X = —Fdamper ~ Fspring )

with
Fdamper = D%Y Fspring = KLY ®3)

Substitution of (3) and (1) into (2) gives the EOM as:

2 2
MEL Y + DAY + Ky = -MEL;Z (4)
dt dt dt
b) Determine system parameters:
W := 0.020bf
W
M:i=—
g
Ibf Ib
K:= 13— D =DBE—
in in
5
natural frequency [Kj
(L)n = -
M
Critical damping D=2 (KEIS/I)'5

No effect of gravity since
sensor is positioned horizontal.
Actually, not important for any

dynamic motion.

in
g = 386.089 —2
S

Damping coeffic.not

specified
rad
Wy = 500.957 —
S
Ibf (3
D¢ = 0.052 ——

n
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Damping ratio. - D
2 (KM

¢) Instrument will record NO motion Y=0, if Z(t)= cte or dZ/dt=cte, i.e. the "vibrating surface"
remains stationary or moves at constant speed.

d) if the vibrating surface moves with a constant acceleration equal to 3 g's. Then, the instrument
will display, at steady state (after transients have disappeared due to damping):

Y= —Sﬂd\ﬂ _3
K Ys=-4615x 10 “in
Let's calculate the instrument dynamic response:

For example, let ¢:=0.10

Then the sensor response for a sudden (3g) acceleration becomes with zero initial conditions:

5
Yo:= 0 Vg:= OEL Gy 1= u)nE61 - zz)
s
Cy:= (Yo - Ys) Ca:= [VO . Z@ano - YS)]
Wd
Y(t) = (e_ ZEk)r]tﬂ)[ﬂclmos(md[ﬂ) + CoEin(wy)) + Ys Tqi= [Ej
W
0 Ys =-0.117mm
e 0.1 o _
E
S -02f —
03 ! !
0 0.05 0.1
time [s]

Response of seismic instrument to sudden acceleration

SEE Video_seismic_instrument



The spring-mass-damper system represents a | | RANSIENT RESPONSE - EFFECT OF AN IMPULSE

package cushioning an electronic component.

The package rests on a hard floor. A pulse force
F(t) of very, very short duration is exerted on the F(t)
package as shown. The component vibrates
without rebounding. Let K=60 Ib/in, M= 5.9 Ib, ‘ \ —

and C=0.04 Ib-sec/in, I:0_2000 Iby
a) Calculate the system natural frequency (Hz) M

and damping ratio [8].
b) Provide an engineering estimation (value) for C J_ K

the maximum system velocity (ft/sec). t

¢) The maximum deflection (ft) of the spring >
(displacement of system) and the time when it —> <+

occurs. T, =0.001sec

d) Draw a graph of the system displacement x
vs. time. Label all physical coordinates.

KEY: KNOWLEDGE base: DOES APPLIED FORCE ACT OVER A LONG TIME OR NOT? IS time To very long?

Pulse: force magnitude " = 2000-Ibf applied during T, := 0.001-sec

(@) Find the natural frequency, natural period of motion and viscous damping ratio:

Ibf sec
K:=60— M :=59:lb C :=0.04:1bf . —
in in
: K rad
NATURAL FREQUENCY: o= |— o o = 62.66 —
M fh=— f,=9.973Hz Sec
2.7

1
Thi=— Th=0.1sec . .
DAMPING RATIO: n fr n natural period of motion

C
Q = Z.an C — 0.021 a small value

5
2) rad
DAMPED NATURAL FREQUENCY: ®d -~ mn'(l -G g = 62.647—
T 2-1
d-= w_d Tq = 0.1sec ;
n
The damping ratio is very small, thus the system is very lightly damped. — = 100.274

0]

(b) engineering judgment: The (damped) natural period of motion is very large compared to
the time the load acts. Hence, the pulse can be treated as an impulse, which changes
"instantaneously" the initial velocity of the system. This initial velocity equals

Impulse := F-T, Vg = Imi:ljlse &) v 130700
0~ 7 sec
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This initial velocity is (of course) the maximum ever, since damping will remove the initial
kinetic energy due to the impact until the system returns to rest.

The motion starts from rest, X(0)=0.m. Thus, the response of the system becomes (cheat sheet):

X(1) = (D—d-e n -sin(md-t) @)

However, since damping is so small {~0, the engineering approximation leads to:
\/

0 . i i = \/ - .
Xq(t) = —-Sln(u)n-t) with velocity V(1) := Vj COS(con t) ®)
©n
The maximum displacement is: Vo
X =—
max .
O Xmax = 2:089in
which occurs at a time ~ 1/4 natural period of motion, i.e Ty
— = 0.025sec
] . . 4
Let's graph the responses (displacement and velocity):

Displacement vs time
4 I I I

Note how close the engineering
approximation is with respect to
the exact solution, in particular

during the first period of motion.

displacement X (in)

-4 | | | | | Note that Xmax can also be easily
0 005 01 015 02 025 03 determined from PCME: T=V

Xa 1
Z.M-V.5 = Z.K-X
ececoe X exact 2 0 maX

ft
V, = 10.906 —
Sec



Velocity vs time

velocity V (m/s)

0 005 01 015 02 025 03
— Va

seee* Vexact

. . _ d Vo -Coqyt
Maxiimum displacement happens when speed =0, i.e.

—|—-e Sinfoqt)| =0
dt (x)d ( d )
Take time derivative of X(t) and obtain time t_

—C-(on-sin(cod-t_) + o)d-COS(cod-t_) =0

o (1-¢3)"

tanloq-t_) = =
(0at)= 5277
i)
Let O_:=atan| ———— o 29 _ 83,803
o
6_
and time for maximum displacement is t = t
“d — =02y t_ = 0.025sec
n
and the maximum deflection is
X(t) =2.022in
Xnax = 2.0891in X() _ 5968
compare it to engineering approx: max -

excellent agreement!



Q3: Description of motion in a moving reference frame

An instrument package installed in the nose of a rocket is cushioned Luis San Andres, MEEN 363 (c) FALL 2010
against vibration with a soft spring-damper. The rocket, fired

vertically from rest, has a constant acceleration ao. The instrument

mass is M, and the support stiffness is K with damping C. The

instrument-support system is underdamped. The relative motion of rocket head

the instrument with respect to the rocket is of importance.

a) Derive the equation of relative motion for the instrument

b) Give or find an analytical expression for the relative displacement
of the instrument vs. time. Express your answer with well defined
parameters and variables.

c) Given M=1 kg, K=1 N/mm, and damping ratio £=0.10. Find the
natural frequency & damping coefficient of the system

d) For a0=3g, find the steady-state displacement of the instrument,
relative to rocket and absolute.

Definitions: coordinate systems

X(t) Absolute displacement of instrument recorded from ground

Z(t) Absolute displacement of rocket from ground.

Y = X —-Z displacement of instrument relative to rocket

2
azy = d—ZZ = ay acceleration of rocket fired from REST Z
dt

N round
sensor parametes: M :=1.kg K := 1000-5 g

ag =3¢ ¢:=0.10

Equation of motion for instrument Newton's Laws are applicable to inertial CS

from free body diagram, let Y=(X-Z)>0
2 Free body diagram
d
M- _2X =-W-F,-Fg @ where
dt
Fo=-W+K(X-2) =-W+K-Y () l l
is the spring force supporting instrument. The dashpot force is
pring pp g p F=-W + K (X-2)
Fd=-C d(X-Y)/dt

d
=C._ _ b
Fqg=C dt(x Z) (2b)

Substitute Egs. (2) into Eq.(1):



2
d d 2
M—X=-W+W-K-Y-C--Y d - K.V _ .d
dt2 dt MFX_ K-Y C_tY
But interest is in the relative motion Y; 2
hence, substitute X=Y+Z M.d_(y +7) + K.Y + CEY =0
dt2 dt
d? d
M:| —Y +C=Y |+K.Y =-M-ay =-M-a, (3) s the desired EOM.
dt2 dt
Find natural frequency and damping coefficient
natural frequency of sensor is-
K 5
We = | — rad
n=1Mm wp = 31.623 — 2-Tt
S Natural period: TI’] =—
. - w
damping coefficient. 05 n
Ci= C2:(K-M)™ s
C= 6.325N-E Ty = 0.199s
damped natural ( C2)0.5
frequency wq = wp\1- rad

; — . . Motion starts from rest
Solution of ODE - prediction of relative motion m
S

The solution of ODE Eq. (3) with null initial conditions since

motion starts from rest is (Use cheat sheet) —M-a,
_C'wn’t . YS = K
Y =Y+e -(Cl-cos(wd-t) + C2-S|n(wd-t))
Vo+GuwyC is the formula describi
—v 0 n' 1 is the formula describing
C1=Yo~ Y5 Co:= ( ) the motion of instrument
“d relative to rocket

Cy=0029m Cy=2957x10 °m

and, after long time Y approaches: Y¢ = —0.029m

To find the instrument absolute displacement, first determine the absolute motion of the rocket, i.e.

'[2

velocity V(1) := ayt and displacement  Z(t) := aO-E

The absolute displacement of the sensoris X =Y + Z  after very-long tines, times removes the
homogenous (transient) response; and the sensol
reaches its steady state motion

XSS (t) = Z(t) + YS




not for QUiZ Lets graph the relative and absolute displacements of the sensor

Y(®) =Yg+ e C'wn't-(Cl-cos(wd-t) + Cz-sin(wd-t))

Relative displacement of sensor w/r to rocket

0 T . 0
Y ~0.02 .
L “ [ bﬂvpvﬂw‘—%
[Mm] o004 -
—-0.06 : :
0 0.5 1
time (s)
Underdamped
UNDAMPED

The absolute displacement of the sensorisX =Y + 7

Displacements - Sensor (X) and Rocket (Z)

30 T T
[m]
201 T
X,
72 B _
O | |
0 0.5 1
time (s)
—X

without damping

Y (1) := YS-(l - cos(wn-t))

for plots, set Tmax = 7-Tn

Y (5:Tp) = -0.028m

note the effect of damping

Y = -0.029m

where

kmh := —

1
3.

(@)
»|3



Application: a torsional pendulum LSA for MEEN 363 FA10

A device designed to determine the moment of inertia of a wheel-tire
assembly consists of a 2 mm diameter steel suspension wire, 2 m long,
and a mounting plate, to which it is attached the wheel-tire assembly. The
suspension wire is fixed at its upper end and hangs vertically. When the
system oscillates as a torsional pendulum, the period of oscillation
without the wheel tire assembly is 4 seconds. With the wheel tire assembly
mounted to the support plate, the period of oscillation is 25 seconds.
Determine the mass moment of inertia of the wheel tire assembly. Recall
that the shear modulus for steel is G= 82.7 x 10° N/m? and the torsional
stiffness of the cable is Ky=(nd*/32)G/L.

Consider the system does not have any
damping - and there is no external moment
acting'

The general EOM for rotations 6(t) about
a fixed axis (0-0) is

1
1

_F

where |0 is a mass moment of inertia and K0 is a torsional stiffness

L8 6 4 ka8 = 0
00— JL 0 = 1)
dt?

The natural frequency of the system is
1

2

Ko 2.

O, = (I—j = [T—nj (2) where Tn is the natural period of motion
o n

Let:
G = 82.7.10°. N Shear modulus for steel

m

L= 2.m cable length d := 2-mm cable diameter
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Tc-d4
. m
32 Kg = 0.065N- ad

ra

From (2) Tn 2

lo=1-—1 Ko
2-T

Tnl =45

first case: period of oscillation of assembly alone
(w/o tire)
Find moment of inertia of support plate

2
| . E K
plate - 9. 0

2
'plate = 0.026 kgm

second case: period of oscillation of assembly with wheel included Tn2 = 25-5

Find moment of inertia of system (plate+wheel)
2
_ Th2
Isystem = 2o ‘Ko

2
'system = 1.028 kgm

Solve: find mass moment of inertia of wheel-tire

lwheel_tire = lsystem — Iplate

2
lwheel_tire = 1.002kgm



Application example

A two-blade composite-aluminum of a wind turbine is supported on a
shaft & bearing system so that it is free to rotate about its centroidal axis.
A weight W=100 kg 1s taped to one of the blades at a distance R=20 m
from the axis of rotation as shown. When a blade is pushed a small angle
from the vertical position and released, the wind turbine is found to
oscillate 2 periods of natural motion in 1 minute. Assume there is no
friction at the support bearings.

* Determine the wind turbine centroidal mass moment of inertia (I) in
(kg.m?).

* The turbine weighs 2500 kg. Determine the radius of gyration.

| A

g

\=

MEEN 363 — FA10 — Mass Moment of Inertia
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Make a free body diagram of turbine swinging (oscillating) about
pivot O with angle 0(t)

v 8

Assume:
wroo e no drag (frictionless bearings & no
wind turbine weight .
air drag)

e center of mass of turbine = center

Rx, Ry of rotation O

Reaction forces
Let It: mass moment of inertia of

turbine; hence EOM (moments) about
Added weight O iS

_
FREE BODY DIAGRAM (I +|\/|R2)9=|o ¢=-W Rsin0 (1)

For small 0 angles, Eq. (1) reduces to the linear form

lo 0+ M gRO=0 2)
1.e. the typical equation of a pendulum with natural period given as
1/2
2 I
T =222 ‘
" o, ﬂ[ Mg R] (3)

Hence, the wind turbine mass moment of inertia can be easily
determined from the measured period of oscillation

2
I, :—I\/IR2+(T—”j MgR
(4)

2

Given

MEEN 363 — FA10 — Mass Moment of Inertia 2



W=100 kg¢ taped to one of the blades at a distance R=20 m from the axis
of rotation. Natural period T,= 60 seconds / 2 periods of natural motion =
30 sec. Note M=W/g = 100 kg

2
l; =—MR? J{;_n] M gR Ip=4071x 10 kgm’
72' o

Since the turbine weighs W1=2500 kg;, and from |+ = My e . the radius of
gyration is

1/2
i =| T ro = 12.761m
M =
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: : EXAMPLE to assist you in your
Example - Cushioning of package assignment yeuimy
The EOM after the package first contacts hard ground is:
2 M = 2-kg
M-d—z+c-d—z+k-z: m-g v
dt*  dt [1] N " W,
K :=50-— z
k represent the stiffness of the packaging mm k c
material. M is the component mass. i
Assume no damping, c=0 )
d

with 1.C's: z(0) = 0 d—z = Vg
t

. . . . . Schematic view of package falling and

Equation [1] is valid for z>0, i.e. as long as packaging impacting ground (hard surface).

material is being compressed.

Note that if package rebounds, then Fspring=0 h:=250-mm height of drop

K \05
o ra ®n
®n = (_) = 158114—  f = —
M ©On = ' S n-= o fn = 25.165Hz Natural frequency of sytem
| period: T 1= 2.—
Natural period: Ty := 2-@— Ty, = 0.04s
n
_ (Mg . o
Zgg = T [2] Zgs = 0.392mm  s-s response - after transients die out

from free fall, assume no air drag. the package velocity when touching ground is v := (2-g-h)o'5

The EOM of motion w/o damping is: d2  Zp:=0m
M—z+kz=W [3] ‘I"C’;th -
dt? | Vo =2214—
Dynamic response for undamped system, =0

The solution of this ODE is very simple, i.e. the superposition of the particular solution (zss) and the
homogenous solution (periodic with natural frequency).

z(t) = zgg + Ac-cos(con-t) + As-sin(mn-t) [4a] displacement of package

v(t) = j_tz = (Dn-(—AC-Sin(oan-t) " AS-COS(mn-t)) [4b] velocity of package

a(t) = j—tv = —mnz-(—AC-Cos(mn-t) + As-sin(mn-t)) [4c]  acceleration of package
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The constants Ac and As are determined from the initial conditions. At time t=0 s, the pakage materi
is not (yet) deflected z(0)=0 and the pakage initial velocity is that of the free fall, v(0)=vo

From Eq [4a]: z(0) = 25 = 0= zgs+ A¢ Ac = —Zgs [5a]

From Eq [4b] v(0) = Vg = Ag-op
[5b]
z(t) == zgs + Ac-cos(mn-t) + As-sin(mn-t) [4a]

NOTE that package REBOUNDS when it crosses z=0 on its upward motion
(remember when you jump on a trampolin.)

What is the maximum dynamic displacement (deflection)?

Prior to obtaining this deflection, let's recall some trigonometry:

Let: 05 27° amplitude of dyanmic
A= (AC2 + ASZ) A ZSSZ " (EJ motion
®n
and in the formula AC-Cos(mn-t) + AS-Sin((on-t) , multiply by A and divide by A
Ac As
A-(X-cos(mn-t) + K-sm(mn-t)j ] N A
Now, define a phase angle @ such that @
A A Ac
cos(CD) = sin(cD) =
A A
. t ((D) = & = Yo
and write expression [*] above as with an Ac mn-(—zss)
A-(cos(d))-cos(oan-t) + sin(CD)-sin(oan-t))
or
A-(cos(mn-t — CD)
Vo
O = atan| ————
where aan (Dn'(—ZSs) o d = 1599 radians

Hence, with the aid of the simple trigonometry "trick" we write the displacement z(t), Egn [4a] as
z(t) == zg5 + Ac-cos(mn-t) + As-sin(mn-t) [4a]

for graphs
z(t) = zss + A-(COS(O)n-'[ - (D)) [6a] displacement of package

Tnn = 004'8



Let's return to the question, what is the maximum displacement?

Clearly, the trig function cos(x) can be at most +1 or -1, hence the z(0-s) = 0m

Max dynamic

: : Z = Zss + A
displacement is max == 258 [7a]

5

2
2 [ Vo
Zmax = Zss t| Zss + | —

On

package displacement z

0.0144

0.0072
E
N z>0 means travel downwards,
i.e. compression of pakaking
~0.0072 material.
Motion does not die since
| there is no damping.
00144 0 0.01 0.02 0.03 0.04
time (s)

The response found is strictly valid for z>0, i.e. when packaging material "spring" is
compressed. "Spring" of package can not be stretched.

Velocity [m/s], v(t)=dz/dt

v(t) := —A-Oon'(Sin(COn't - CD)) [6b]

5
2
i i ) — AL ®On m
what is maximum speed?  vpax:=A-on - |4, Zego— Vo =2215—  [7b]
Vo S
_ velocity of package
[m/s 2.21 I I |
» 111 7 \Y; 2.215 il
L\E, : max = ¢ S
> [0 SRIEIIRRET) CITIIITTIPPPPPPPI CEPRPRPS -
3 Vmax
[e3) =
S -111F . vV m
0 v(0-s) = 2.214—
S
-2.21 : :

m



acceleration [m/s2], a(t)=dv/dt,

a(t) == —A-on -(cos(opt—))  [6c]

. . 2 m
what is maximum accel?  apay = A-op amax = 350.256—2
S
_ )5
since » Vg
A = ZSS + | —
®n

then

but 2_(Mg) k _
Zg5 On —( k)M g

Hence:

2-h W
Amax =0 [|1+— [7c] where  Zgg= —
Zgs k

Note that if packaging stiffness (k) is very large then zssis very small, and hence, the maximum
(peak) acceleration can be quite large!!!

- m
Max acceleration amax = 350.256 — amax

if no damping: q —— = 35.716

Acceleration of package

350.26 | I | peak
decelerations can

& 17513 be much larger
E than 19!
c m
9o 0 a(0-s) = 9.807—
< 2
@
[¢B)
3
< —175.13

negative (peak) acceleration
denotes upward force

735026 0 0.01 0.02 0.03 0.04

time (S)



The force from the cushioning into the packageisF =-k z-c v =-W + M acc

F(t) == (-g +a(t))-M Fmax = IV"(amax + 9)
Cushioning force _
M.g = 19.613N
% 360.06 [~ F<0 means upwards force
o - spring being compressed
L
8: 0 Fmax
= —— =36.716
2 M-g
S
> —360.06 [~
© Quite large!! Much larger
than component weight (W)
1013 0.01 0.02 0.03 0.04
time (s)

The package will REBOUND when z=0 (z<0) and dz/dt=V < 0.

Approximately at Th

trebound == —-
trebound = 0.02s
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