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FOM: M, ¥+ K, y+C, y=F(t)

(only) allowed in exams
Given a mechanical system with equivalent parameters (Me) mass, (Ke) stiffness, (Ce) viscous damping coefficient.

. . . Ke Ce Ce Ce'(Dn
define natural frequency and damping ratio as: o= |[— ¢ = = =
Me 2Mgon 2. [KeMe  2:Ke
2
TRANSIENT RESPONSE system to STEP Force F(t)=Fo Me-Y + CedY + Ke'Y = Fo
dt dt

Underdamped system only, (<1

+ initial conditions Yo=Y(0) Vp= v att=0
dt

system response is: Yy =e Q'm”'t,(cl.cos(ﬁ)d't) ¥ cz.sin(wd-t)) + Yss

Fo [Vo+¢on(Yo-Yss)]  and 2
Yes = — C1=Y0o— Yss Co= od=opy1-2¢
Ke o

where

damped natural frequenc
for {>=1: see page 2) P quency

LOG DEC (8): formula to estimate damping ratio (¢) from a free response  § = l.m(%j _ et €= ¢
n n 2 2 2
\/ 4w +9

Ao and An are peak motion amplitudes separated by n periods 1-¢
2
TRANSIENT RESPONSE system to Force F(t)=A+Bt Me-oY + Cedv + KeY = A+ Bt
dt dt

—C-ont - _

Yea+btse 200 (Cy-cos(wgt) + Cosin(wg-t)) B\ 1 B C1=Yo-a
a= (A— Ce-—)—; b=—1;

for ¢ <1 Ke ) Ke Ke Corwg=Vg—b+L-on(Yo-a)

Transient response of overdamped system, step force Fo=constant {>1

2 + initial conditions = = d at t=0
Me~d—Y + Ce~d—Y + Ke'Y = Fg Yo=Y(0) Vo th
2 dt

dt
Sq-t Syt
Y(t) =Are +Aze’ + Yes where: sy = wn'(—C + CZ - 1) $2 = wn'(—C - CZ - 1)

vy _E AL+ A2=Yo— Ygs
Ss ~ s1,s2<0

° (Ar-s1 + Agsp) = Vo Solve for Al and A2

Transient response of critically damped system, step force Fo=constantC=1

2
Me'd—zY + ce.‘;_y + KeY =Fy + initial conditions Yo=Y(0) Vg= Z_Y att=0
t t

dt
Y(t) = es't.(Al + tA) + Yes where: s =-a,
Fo
YSS:E A1 =Y - Yg (A1-5+A2):VO



STEADY RESPONSE of system to PERIODIC LOADS with frequency o
Case: periodic force of constant magnitude F) = Fy-sin(w-t) Define operating frequency ratio:

System periodic response:  Y(t) = Ss-H(r)-sin(co-t + ‘P) ®
where: ®n

1 .
F = —2.C-r care with angle, range: 0 to -180de
?0 H(r) E tan() = g - 9 g g
€

{(l - r2)2 + (2-<;~r)2} L-r

ds =

Case: base motion of constant amplitude d2 d d

System periodic response: V() = AGEH sinlot + ¥ + )

5

1+ (2.0 2.0

tan(¥ + ¢) =

where: G(n) = ) >
2
(l - r2) + (2-<;~r)2 1+4g -1

Case: response to mass imbalance Bt = m-e-o2sinle-t) usimbalance (offset center of mass)

displacement

System periodic response: Y(t) = e o ) Sln(co t+ \p) e = My
r2
Jn = 5 tan(\{}) _ —2:Cr
I 2 2 2—| 2 care with angle, range: 0 to -180deg
1-A) + ¢ 1-¢

OTHER USEFUL formulas: (program them in a calculator)

Underdamped system (<1:_step force response

constants in formulas
Given Lot
Y(t) =e ! ~(C1~COS(0)d~t) 4 C2'Sin(wd-t)) + Y5

find velocity

_d .
Vo= &Y V(t) =e e t-(Dl-COS(wd~t) + Dyssin(og-t))
where: Dy = (_Q'(”n'cl) + Coaqg Dy = (—C'(’Jn'CZ) - Croq

find acceleration

_d —C-on
a(t) = aV a(t) —e C l t-(El'COS((Dd't) 4 EZSIn((Ddt))

where: E1= (_C'wn'Dl) + D2ag Bz = (—C'wn'DZ) - D1-og



A case your memory should retain forever NO DAMPING, C=0 Ns/m

TRANSIENT RESPONSE of M-K system to STEP Force F(t)=Fo

Undamped system, £=0

2
d _
Me.?y + Ke'Y =Fg + initial conditions Yo=Y(0) Vo= 9y att=0
dt
response is: Y(t) = (Cy-cos(@nt) + Cosin(wnt)) + Yss
MOTION never dies since
Fo Vo there is no dissipation action
where Yss = Ka C1=Yo- Yss C2=— (no damping)

e ®n
and velociy and acceleration:

_d
V(1) = EY V(t) = (Dl'COS((Dn‘t) s D2~Sin(mn~t)) D1 = Co-0p D1 = -Cq-op

_d
a(t) = E[V a(t) = (El'COS((Dn't) + E2-Sin(mn-t)) Ey= —Cl'(‘)nz Ep= —C2-0)n2

Note that the velocity and acceleration superimpose a cos & a sin functions. Thus, the maximum values of velocity
and acceleration equal
v, —(D2+D2)Ol5 2 2
max 1 2 Vimax = onC1 + C2
0.5
2 2 2 2 2
dmax = (Dl + D2 ) dmax = ®n '\/CI + C2 = on'Vimax

since
Fo Vo
Yss = — C1=Yp- Yss Co=—
Ke ®n
2
2 2 (Vo
dmax = ®n - (YO - Yss) + (_j
®n
Note: the function x(t) = a-cos(w-t) + b-sin(w-t) can be written as

x(t) = c-cos(oo-t - ¢)
where c= \/ a2 + b2 tan(cb) = b

s3]



OTHER important information

given a function f(t) find its maximum value d

The maximum or mimimum values are obtained from af =0

For example, for the underdamped response, (<1, the system response for a step load is

— ot
Y() =e e -(Cl-cos(md~t) 4 Cg-sin(md-t)) + Yss
Fo [VO + C'C‘)n'(YO - Yss)] and 2

Yss = — C1=Yo— Ygs Co= og=opy1-¢

where Ke od
damped natural frequency

when does Y(t) peak (max or min) ?

from the formulas sheet -C-opt

V() =e Son -(Dl-cos(md~t) + D2-sin(md-t))

D1 = (—C-wn-Cl) + Cooq D2 = (—C-wn-Cz) - Crog

A peak value occurs at time t=t when dY/dt=V=0, i.e.

— C.mn.r

O=e ~(D1~cos(md-r) + D2-sin(md-r))
~Gopt ) ]
+ 0 for most times; hence 0 = Dy-cos(@gt) + Dy-sin(wg-)
-Dy
tan(md-r) = D_2 solve this equation to find t

there are an infinite # of time values (1) satisfying the equation above. Select the lowest 1 as this will probaly will give
you the largest peak.

2
d d
. Meg—=Y + Co—Y + KoY = A+ B-t
Example: e 2 ey e

Obtain constants C1 and C2 for case of force F(t)=A+Bt - underdamped response

Given Y(t) = e C.mn't-(cl-cos(moyt) + Cz-sin(wd-t)) +a+bt
V(t) = %Y V(t) = e C'mn't-(Dl-cos((ooyt) + Dg-sin(md-t)) +b
D1 = (—C-wn-Cl) + Coaq D2 = (—C-wn-Cz) - Croqg
at t=0, Yo=Y(0) Vgp= %Y att=0

satisfy initial conditions:
bt Yo = Y(0) Yg=C1+a

Ci1=Yp—a
vo=dy
dt Vg=D1+b= (—an-Cl) + Crwog+b
Vo = [—C-(on-(Yo - a)] + Crog+b Cy= Vo-b+ C'C‘)n'(YO - a)

©d



FREQUENCY RESPONSE FUNCTIONS for PERIODIC LOAD with frequency o

Case: periodic force of constant magnitude

2
Me'd—zY o Ce-d—Y + K'Y = FO-Sin((D-t)
dt dt

Define operating frequency ratio: r = —

®n
System periodic responses: Displacement: Y(t) = 85 H() sin(ot + )

velocity: V(t) = 3—Y = 8s-0-H()-sin(w-t + )
t
2
. 2 2
acceleration: a(t) = d_2Y = _8s® -H(r)-sin(oa-t + \p) = _—o Y
dt
where: harmonic response
1
F = -2.C-
5 = é H(r) : T tan(w) = _sz
[(1 A (2-c~r)2} Lo

care with angle, range: 0 to -180deg

Define dimensionless amplitudes of frequency response function for
displacement

M = H(r)
ds
i V| -®
velocity IVI-on _ S
ds
acceleration
2
| | On

= 2-H(r) = J(1)




GRAPHS for AMPLITUDE OF TRANSFER functions

Constant amplitude force Given desired H and freq r
H(r,g) - 1 5 formula for damping ratio Hyi=2  rgi=12
2 .
2 2 5
|:(1 -r ) + (ZQI') :| 1 1 5 2
Ci:—z'——(l—ra) ¢ = 0.099
fa Haz
6
4
I —
g H(ra,C) = 2
< 2.¢
2
H(1,¢) = 5.053
0

frequency ratio, r

Acceleration or Imbalance Given desired J and freq r

\(; C) o a formula for damping ratio Jg=3 ry:= 0.9
s e 5
2 5
2 2
[(1 —r ) + (2~Q-r) J 1 |1y 5 2
C =—: —-11- ra )
Iy 2 3 2
a ¢ = 0.107

6
- 4
)
©
2
=
= JranC) =3
< (r2.)

2

L 46
2-¢
O pa—
0 0.5 1 1.5 2 2.5 3 A1,¢) = 4.692

frequency ratio, r



Given desired T and freqg r

fa:= 0.75 Ta:= 2.0

Transmitted force to base or foundation

0.5 |- _|
T(r.¢) = 1+ 2cof] w2 (1= ) (20 = 14 (20
? ) T(ra,0) = 2.286
[(1 S (2-@)4 {(1 - r2)2-T2 - 1} - (2cn?(1-7)
N (SRR
T2 1-T)
3
£ = 0.186
2
é‘ T(ra,g) =2
&
1 T(1,¢) = 2.864
5
[EECT I
Yo 0.5 1 15 2 2:G

frequency ratio, r



