Lecture 23. PLANAR KINEMATIC EXAMPLE
PROBLEMS

Crank OA is rotating with constant angular velocity o, =6. Derive
general expressions for the angular velocity and angular
acceleration of link AC. Also, derive general expressions for §
and §. What is the velocity and acceleration of point C?

Geometric-constraint equations:

rsin § =8 sin @

(1)
rcos O + Scosop =d = rcos0 =d -Scos .
Differentiating w.r.t. time gives:
rcos 90 =Ssing + Scos oo
(2)

—rsin ® 08 =-S cos ¢ + S sin ¢ ¢ .

Matrix equation for unknowns
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sin @ cos @

S . | cosB
=r6y .
S sin®

Solving using Cramer’s rule, D = -sin?¢ -cos?¢ = -1

cos@  -sin @

cos®  cosQ | = § (-sing cos® - sin® cose

DS =r@| . . '
sin 6 -singp | =r6[-sm(p+06)] .
~S=rH sin(@ +0)
DS¢=rb sinQ cc.)sf) :rQ (sing cos® - cos @cosQ)
COSQ sin@| =r8[-cos(p+6)]

+ 8¢ = rBcos(o+86)

Differentiating S w.r.t. time with 8 =0 gives

S=r0sin(p+0)+r0 cos(p+0)(¢+6)=r(0¢ +92) cos(@ +0)
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Differentiating S¢ w.r.t. time with 8 =0gives
Sep+So=r0cos(p+8)-rOsin(p+8)(¢+0)
— (6 +80) sin(¢o +9)

Alternatively, differentiate Eq. (2) to obtain

- rsin08’ =Ssin@ +S @ cos® +SP cos @

+SQ cosQ —S(i)2 sin @

7 +rcos06’ =S cosp-Sosing -S¢ sing

-Sosing —S(i)2 COS

Matrix equations

sin@  COSQ

COsS@ —SsIinQ

el

\ r cos06° +28S¢ sing +S(i)2 COS
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~rsin0’ -2S¢ coso +S(i>2 sin @ >

J



Vector-approach solution to find the velocity and acceleration of
C.

Vector relations for points A and O:
V,=Vy+®,,%Ty,=0+K0xr (Jcos®+Isinb)
=r8(-Icos® +Jsinb)

a,=05+Do, XTo T O X(Qg, X Tp,)

=0+0+K0xr0(JcosB +Isin@) = —réz(JcosG +1sinB)

Vector relations Vector relations for points A and C:
V=V, + O X o=V, ~-KoxL(Icosp-Jsing)
=r0(Jcos® -Isinf) -Lo(Jcosp +Ising)
Ac=a,+ DX+ O X(OXrc,)
=a ~-KoxL(Icosp-Jsing
~-Kox-Lo(Jcoso +Ising)

=r92( ~Tcos®-Jsin®)+Lo(-Jcoso -1 sing)
+L(i)2(lcoscp ~-Jsig)
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2. The wheel rolls to the right without

slipping, and its center O has a constant A
velocity v,. Determine the velocity v and A
acceleration a of a point A on the rim of -~ 0
the wheel in terms of the angle 3 I
measured clockwise from the horizontal. '
Note, [ 1s not the rotation angle of the

wheel. It simply locates point A.

]
N

. o
Vo

Rolling without slipping implies:

x=r0,x=v,=r0,x=r8=a,=0

The velocity equation gives

sing  cosB | =,§ (sing cos® - cos @coso)

DS¢=r .
=rB[ -cos(p +0)]

COSQ sin®

The acceleration equation gives
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a,=a, +® Xry,, + 0% (@<r,,)
=0-KOxr(-Icosp~+jsinB)-KOxr8(Jcosp+Isinp)
=r8(Jcosp +IsinB)+r92(IcosB—Jsin[3) :
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3. Link OB has a constant clockwise angular velocity o,,. For
general positions of the assembly, derive general expressions for
the angular velocities and angular accelerations of links BA and

AC.

Kinematic-constraint equations:
r, cos®, + r, sinB, + r; sinb;, = b

-r, sin®; + r, cosB, + r; cosB; = a,

or restated with 8, as the input variable

r, sin®, + r; smb, = b - r; cosb,

(1)

r, cos®, + r; cos®, = a, + r, sinb,

Differentiating w.r.t. time gives
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r, cos®, 8, + r; cosb; B, = r, sinb, B,

(2)

-r, sin®, 0, — r; sinB, 6; = r, cosH, 6,

In matrix format,

T ( . A

cos0, cos®;, | |r, 6, .| sin®,

| -sinB,  -sinB; | |4, 6, cos 6,

J

Differentiate Eq.(2) w.r.t. time to obtain:

.o .o . 02 . 02

. .o o2 o2

. .o . .o o2 o2

.o . .2 . .2
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In matrix format,

cos®, cosO; | |r, 6, 1

-sinB,  -sinb®; | |, @, I

\ J

.2 L4 .2 . .2
f, = -r, sinf § + 7, cos®, 8 + r, cosO, &
2 1 1 1 2 2 72 3 3 73

Solve using Cramer’s rule.
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