Lecture 31. EXAMPLES: EQUATIONS OF MOTION USING
NEWTON AND ENERGY APPROACHES

(a)

Y > k€ (I —cos0)

(c)

Figure 5.29 (a) Uniform beam moving in frictionless slots and
attached to ground via springs at 4 and B. The vertical force f
acts the bar’s center, (b) Coordinate choice, (c) Free-body
diagram. The springs are undeflected at 6 =0.
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Task: Derive the EOM
Solution from free-body diagrams

Stating the moment equation about the mass center gives

EMg=]g9
N l . . / /
= AEsme—kllsmGEcosG—NBacosG (5.130)

k(1 —cose)-ésine |

Stating Xf=mR . for the mass center gives the component
equations:
2fy=N,+k,I(1-cosb) =m)?g

) (5.131)
Xfy=f(t) +Ng-w-k/IsmB=m7Y,.

We now have three equations in the five unknowns
N,,N B,é,X o Y - The additional kinematic equations are

obtained from the geometric relations

Xg:écose , Yg=ésin9
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Differentiating these equations twice with respect to time gives:

. ] . . . w ] . L
Xg:—z(sm99+c05892), Yg=5(c0399—31n992) (5.132)

Substitution into Eqs.(5.132) defines N, N, as:

N, =-k,I(1 -cos8) —%l(sineé +cos06%)

(5.133)
N, =-f(t) +w +k, Isin® +m71(cos€)§ _sin66%) .

Finally, substitution for N ,,N, into the moment Eq.(5.130)

gives

]gé =ésin8[—k21(1 -c0s0) —%l(sinﬂé +cos992)]

k 12
—lTsin()cosG —écos@[ -f(t) +w+k,Isinb]

ml . . Y k212 .
+7(c0899 -sin00 )]_T(l —-c0s0)sinf .

Gathering terms and simplifying gives the final equation of
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motion

ml?

TG +k,1%sinB(1 -cosB)

(5.134)
+k,1*sinBcosH + W 058 =L cosh |

Developments from Work Energy

The absence of energy-dissipation forces makes this example an
ideal application for the work-energy equation
Work, .=(T,+V,)-(T,+V,).

The following engineering analysis tasks apply :

a. If the bar starts from rest at =0, and f(t)= f , determine
its angular velocity when 8 =m/2.

b. Derive the equation of motion.

First find dWork . Figure 5.29c¢ illustrates the force vector
fi=Jf, , located in the fixed X, Y system by the vector

r;=1/2(Icos® +Jsin6). The differential work done by the force
acting through a differential change 1n position 1s
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dWork, =f,sdr=Jf(1)s é (~Isin® +Jcos8)do

= %cos@d@ =0y,d9 ,

where Oy, 1s the generalized force associated with 6. The mass

center of the body 1s also located by r, ; hence,

Rg=l’1 =[/2(-1IsinB +JCOSG)9 , and the kinetic energy is
o I . 4 2 A2 2 A2
T=%|Rg|2+_g92:(ml +ml )9 :ml 0

2 2 1272 3 2°

Establishing the gravity potential-energy datum in the center of
the lower guide slot yields V', =w/l/2sin8. The spring potential

energy function 1s defined by

k k k k
V=18 + 28 ="L(Isin@)?+-2(I-IcosB)* .
=5 00 2( ) 2( )

Plugging all of these results into the work-energy equation gives
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ml? 2

fef( )! cosxdx=[——86 +M sin®
o 2 6 2

(5.227)

k17 k12
121 sin?0 + 22 (1-cos0)?]-(0+0),

+

where the initial potential and kinetic energy are zero. Evaluating
Eq.(5.227) for f(¢t)=f and 8=m/2 gives

k12 k17
9(9__):{ 6 [fl_(wl+ 11, %25

1
2
by 5 )17,

and concludes Task a.
The equation of motion 1s obtained by differentiating
Eq.(5.227) with respect to 0, obtaining,

2
ﬂe +W710038 +k, l sinBcosB

3
(5.228)

+ k2122(1 -co0s8)sinb =gcos 8=0y, >

where 0 =d( §°/ 2)/d8. This step concludes Task b.
Note the generalized force term (g, on the right-hand side

of Eq.(5.228). Changing the external-force definition modifies
only this term, leaving the left hand side of the equation
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unchanged.

| ==
I

la)

Task: Derive the EOM for the force £, .

The external force f, =1, (Isin® +Jcos0) is located by the vector
r,=JIsin8B. Hence, the differential work due to f, acting at r, is

dWork . =f,*dr,=f,(IsmB+Jcos8)eJlcos8db

=f,1c0s’0d0 =Q,,dH .

Substituting O, for Oy, in Eq.(5.228) provides the correct
equation.
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Energy Dissipatiom

CI}A

kl [ sin 0

"‘2 [ (I-cos )

W ¢

C‘XB

| N
[

(a) (b)

Figure 5.29 (a) The uniform bar of figure 5.31 with guides now
replacing the end rollers, (b) Free-body diagram for viscous
damping now replacing the end rollers within the slots.

Applying Zf=mR ¢ to the free-body diagram of figure 5.29b

provides:

2fv=N,—k,[(1-cosB) —cXB=ng

Sfy=f+*Ng-w-kIsin®-cY,=mY, .

The acceleration components X 2 Y , continue to be defined by

Eqgs.(5.132). The velocity magnitudes ¥ Py X » are obtained by

131



differentiating the geometric relations (Y, =/sin®, X, =/cos8)to

obtain (Y =1 cos06 , XB = -Isin00). Substituting into the

moment and force equations gives:

. 2 . N,I
I G+%(cos29+sin29)9=TAsin9
k, [? B
-1 sinBcos®-—2_cosO
2 2

k,1° _
_T(l -cos0)sinb ,

(5.135)
N, =clsin®8 -k, /(1 -cosB)

—%l(sineé +cosG()2) ,
N,=-f+w+k,Isin8 +clcos68
+m71(cos€)§—sin992) .

Substitution for N ,,N, into the moment equation and

simplifying terms gives the final differential equation of motion

mlz 7 .
P +el0 +hysind (1 ~cos)

(5.136)
+kllzsinecosG+w710039=];c039 :

132



The damping term on the left 1s the only addition to the prior
moment Eq.(5.134).

Developing the equations of motion from work energy starts
from

dWork, . =Jf-dr+(-JcY,)-dY, +(-1X,)-dX,

where
r=é(lcose + Jsin®) — dr:é(—lsine + Jcos8)do
Y,=JIsin® = d¥,=Jlcos0db, Y, =IcosHb
X, =Ilcos® = dX,=-1lsin8dH, X,=-IsinB6 .

Hence,

dWork, _ = [%ZCOSG —c1?(cos*8 +sin?8)§]d8 = 0, d6

Plugging this result into Eq.(5.128) gives the equation of
motion. Accounting for energy dissipation due to viscous
damping 1s easy since the damping force can be stated directly.
Things are less pleasant with Coulomb damping.
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Coulomb Damping

The free-body above reflects Coulomb damping at both supports
with Coulomb damping coefficient p. The force equations are:

Sfy =N, +k1(1-cos8) -uNysgn(Xy) =mX,
. ) (i)
Xfy=f-w+Np-w-k/Ism®-puN sgn(Y,)=mY, .

.The moment equation is
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EMg=]g9

=NA°lsin9 —kllsinf)-icosG—NB-lcosG
2 2 2

[ . : [ (i1)
—k,I(1 —cosG)°Esm9 -uN sgn(Y,) 5 cosf

+uNBsgn(XB)°é sin® .

Before preceding, note that Y p =/cos00, X =1 sin®8. Since,
0<06<m/2,

Sgn(YA)=Sgn9 , sgn(XB)= ~sgn0

We need to solve Eqs.(1) for N ,,N, and substitute the results
into Eq.(1). The equations forN ,,N, can be stated

1 +usgn® N, ) &1
| —psgnb 1] (Vs ) |

where
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g =~k I(1 -cosb) —%l(sineé +c0s06%)

g,=—f+w+k Isin® +m71(cosﬁé _sin06°) .

Solving for N ,,N, gives

N, - g, — W, sgnb N, - g, +uf; sgnb

1 +p? 1 +p?

(iii)

Substituting these result into Eq.(1) gives the equations of
motion.

Trying to do this with work-energy starts reasonably. The
differential work is

dWork, . =Jf-dr+] —JuNAsgn(YA)] dY
+ —IuNgsgn(Xy) dX,
=Jf-dr-JuN ,sgn8-JIcosOd®
~IuN,_sgn®--1lsin6d0

_ [% cos8 —pl(N, cos® +N, sin®)sgnd]d8
-0, d®
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However, applying this equation requires that you start with the
force free-body diagrams and equations of motion to obtain the
solutions forN ,,N, provided by Eq.(iii).

Two Bars with an Applied Force and a Connecting Spring.

¥ f
| Np

(a) (b)

Figure 5 .35 (a) Two bars of mass m and length / , connected to

each other by a linear spring and acted on by a vertical force, (b)
Free-body diagram for the two bodies.
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A linear spring, with spring coefficient £, connects points O and
B . The spring is undeflected at f =3,. The vertical external

force f=Jf acts at point B. The following engineering-analysis
tasks apply:

a. Develop a general work-energy equation.

b. If the bodies start from rest at 3=, and

£(t)= f_ =constant, determine the angular velocity of the
bodies when B=m/2.

c. Derive the differential equation of motion.

Because of the external force, energy 1s not conserved, and the
general work-energy equation Work, . =A(T +V )applies. The

kinetic energy of the two bars 1s

)
_1oB
ar? +
2

52
[IgzB XY (5.231)

T:Tbar1+Tb 7 g

The velocity of the upper bar’s mass center 1s defined from

) ; [ . ¢
Xg=acos[3 =>Xg=—EsmBB

(5.232)

3] . - 3] :
Yg:?SIHB ad Yg:?COSBB .
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Substituting these results plus (I, =m1%/3,1 g =ml 2/12) into
Eq.(5.231) gives

2 2 2 2 .
T:%Bz“’” B“m{l in2B+ 2" cos?p |B?

B+ i
24" 2|4 4
1 1 1) 2
=ml?*| = +— +=| B +ml?*cos®
(6 24 S)B PP

For the gravity potential-energy datum through O, the
mechanical potential energy is

2
V=W713in[3 + 3WlsinB L Ko

2
-2 wisinp +§(21sinB ~2/sinp,) .

The differential work due to the external force is
dWork, . =fedr=Jf(t)ed(J2Isinf)
=2f(t)IcosPdp = QBdB :

Substituting into the work-energy equation gives
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fBZf(t)lcosxdx= m 12['32(% + cos*B )
0

+[2wlsinB+§(213in[3—21sin[30)2] (5.233)
_(TO + Vo) s

and concludes Task a.

Task b 1s accomplished by substituting f(¢) = f_ and B=m/2
into Eq.(5.233) to obtain

f“/22flcosBdB=2fl— m I* B°(B=n/2)
0

+2wl(1-sinBy) +2klI*(1 -sinf,)* ,

and the requested answer 1s

B(B=m/2) :{iz L7 - w(1-sinp,) - kI(1 -sinB,*]/"2 .

m

The differential equation of motion 1s obtained by differentiating
Eq.(5.233) with respect to B, obtaining

2m12[§(% v cos? B )-m I2p’sin2p

+2wlcosP +4kI*(sinp -sinP,)cosP = Qg =21 (t)Icosp .
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This result concludes Task c.

Figure 5.36 A modification to the example of figure 5.65, with
the upper bar now having mass 2m and length 2/.

The modification above complicates considerably our present

approach. The complications are handled nicely by Lagrange’s
equations with Lagrange multipliers in Chapter 6.
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(1 - sind) )

Figure 5.38 (a) Parallel, double-bar arrangement for retracting
a cylinder, ( b) Side view, (¢) Load-angle geometry.

A Parallel, Double-Bar Arrangement for Retracting a
Cylinder

Figure 5.68A illustrates a bar assembly for retracting a
cylinder. Each of the four bars in the assembly has mass m and
length /. The cylinder has radius », length L and mass M. A
time-varying force with magnitude f(¢) 1s acting through a cable
that extends over a pulley and is attached at the center of the
assembly’s connecting bar. The cylinder rolls without slipping
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on a horizontal plane, and its rotation angle is . The following
engineering-analysis tasks apply:

a. Develop a general work-energy equation.
b. Develop the equation of motion.

Because of the external force {(7), energy is not conserved,
and the general work-energy equation Work, . =A(T+ V')

applies. The kinetic energy is
22 22

1.8 ) i i .
T=2-22" .78 "X, 7)1+ (1§)
5 | 5 2( . TY,)] 2( )

P . 2

I MX

+ BB + B

2 2

The first, second, and third terms define the kinetic energy of
the left-hand bars, the right-hand bars, and the cylinder ,
respectively. From figure 5.38b,

=3—lcos9 - X =—3—lsin99
& 2 & 2

Y,=Lsing = ¥, =L cosod (5.242)
2 £ 2

X,=2Icos® = X,=-2[sin68
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The rolling-without-slipping condition 1s
rB=X,=2Icos® = rP=X,=-21Isin6

' . (5.243)

« p=-2Lsingb .

r

Substituting the kinematic results from Eqs.(5.242 and 5.243)
plus the moment of inertia results (1, =m1*/3, I, =ml?/12,

and I, =Mr?/2) from Appendix C into T gives

2 2 2
T:éz[ml L +m12(1+23in29)+ml
3 12 2
2 2 (3l
4 Mr 41 sin“ 0 +M'4123ir129]
4 2
:9212[23’” +(2m +3M)sin?6] .

Defining the datum for gravity potential energy by a plane
through O and B yields the potential-energy function

V=4-wésin9=2wlsin8 |

Working out the differential-work function due to the force
f(¢#)acting at A4 is a little complicated for this example. The
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force acts at the angle y from the horizontal. Figure 5.38¢
shows the right triangle defining y and provides:

. (1-sinB) _ cosH
siny = , COSY = :
v2(1 -sin0) V2 (1 -sinB)

Hence, the force vector is f=f(¢)(-Icosy +Jsiny). The force
acts at the position r=1[(Icos0 +JsinB), and the differential
nonconservative work is
dWork, . =fedr=f(t)(-Icosy+Jsiny)e
[(-1IsinB +JcosB) dB

_f(#)![sm6 cosB +cos6(1-smnb)] 48

V2(1-sinB)
_f()l cosbdb -0, d6 .
v2(1-5sin0)

Substituting for 7', V', and dWork, . into the work-energy
equation gives
fe f(t)l cosx dx =9212[ 23m +(2m +3M)sin]
% /2(1 -sinx) 12 (5.244)
+2wlsin® - (T, +v,) ,

and concludes Task a.
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Differentiating Eq.(5.244) with respect to 0 gives the
differential equation of motion

012 237 12 (2m +3M)sin20] + 62 12[ 2 (2m + 3M)sinBcos O]

0, - f(t)l cosB
V2(1- smG)

+2wlcosf =

where 0 = d(éz/ 2)/d8, and concludes Task c.
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