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Executive Summary 

Added mass coefficients are not adequately predicted for SFD configurations 

including grooves or other recesses. This deficiency also extends to grooved floating ring 

oil seals operating under laminar flow conditions. In oil seals, the grooves are intended to 

reduce the cross-coupled stiffness coefficients and improve the seal stability 

characteristics. However, experimental results demonstrate that inner grooves do not 

reduce the force coefficients as much as accepted theory predicts. Furthermore, predictive 

codes for this type of seal do not account for fluid inertia effects, while experiments 

render large added mass coefficients. 

A bulk-flow model is proposed to analyze multiple-groove SFD or oil seal 

configurations. A perturbation analysis yields zeroth and first order flow equations 

defined at each individual flow region (land and grooves) of constant clearance ( c ). At 

the groove regions, an effective groove depth ( dη ) and clearance ( c d cη η= + ) are 

defined based on qualitative observations of the laminar flow pattern through annular 

cavities. This depth may differ from the actual physical groove depth. Boundary 

conditions between adjacent flow regions impose continuity of the pressure and flow 

fields. The boundary conditions at the inlet and exit planes are a function of the geometric 

configuration. Integration of the resulting dynamic pressure fields on the journal surface 

yields the force coefficients (stiffness, damping and inertia).  

The predictive model indicates that the damping and stiffness coefficients decrease 

rapidly with increasing effective groove depths ( dη ). Damping is roughly proportional to 

1/cη
3. On the other hand, the added mass coefficient, which is proportional to 1/ cη, is less 

sensitive to changes in the effective groove depth. Furthermore, predictions show that the 

added mass coefficient increases as the effective groove depth increases until it reaches a 

maximum value and starts decaying. Comparisons of the predicted and experimental 

force coefficients on a grooved oil seal and a SFD show excellent correlation over a 

narrow range of effective groove depths. Specifically, for a short and shallow mid-land 

groove in the test oil seal, predictions of added mass, cross-coupled stiffness, and 

damping coefficients correlate well with experimental data when using a fraction (1/2 or 

less) of the actual groove depth. Most importantly, current predictions, as well as the test 
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results, indicate that the inner groove in the oil seal does not isolate the adjacent film 

lands.  

For SFD with a side feeding groove, prediction of damping and added mass 

coefficients also correlate well with test data for a narrow range of effective inlet groove 

depths. Future work will include further validation of the model with available 

experimental data and CFD analysis to determine the effective groove depths from the 

path of the streamline dividing the thru-flow and recirculation regions at the grooves. 
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Nomenclature 

 
C Direct damping coefficient [N.s/m]  
c Clearance [m] 
cg Groove clearance (dg + c) [m] 
cη  Effective groove clearance (dη + c) [m] 
dg Groove depth [m] 
dη Effective groove depth [m] 
(f,g)X,Y Dynamic pressure functions [Pa] 
h Film thickness [m] 
L Axial length [m] 
kxy,kyx Cross-coupled stiffness coefficient [N/m] 
kx,z Shear flow factors 
M Added mass coefficient [Kg] 

,x zm  Mass flow rates [kg/s] 
N Number of flow regions 
P Pressure [Pa] 
PX,PY First-order pressure field [Pa] 
i Imaginary number ( 1− ) 
R Journal radius [m] 

*Re  Modified squeeze film Reynolds number 
s Zeroth order pressure axial gradient [Pa/m] 
t Time [s] 
Vx,Vz Bulk flow velocities [m/s] 
X,Y,Z Inertial coordinate system [m] 
x,z Circumferential and axial coordinates [m] 
Δe Displacement amplitude [m] 
μ Absolute viscosity [Pa.s] 
Ω Rotor rotational speed [rad/s] 
ω Rotor whirling frequency [rad/s]  
ρ Oil density [kg/m3] 
θ Angular coordinate  [deg] 
Subscripts  
0 Zeroth order solution 
exp. Derived from experiments 
g groove 
N  Last annular cavity section 
model Derived from predictions 
α α-th annular cavity section 
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I Introduction 

SFDs were originally analyzed as journal bearings using the classical Reynolds 

equation neglecting both the temporal and convective fluid inertia terms. Kuzma [1], in 

early 1967, demonstrates that fluid inertia effects should be considered in squeeze film 

dampers. In 1975, Reinhart and Lund [2], in a classical paper, derived the force 

coefficients for journal bearings including fluid inertia effects. The authors indicate that 

the added fluid mass term is relatively small for conventional journal bearings but it may 

be significant in long bearings or squeeze film dampers. A year later, Brennen [3] 

presents an analysis to determine the fluid forces for the flow in an annulus surrounding a 

long whirling cylinder under the assumption of laminar flow. The results evidence the 

importance of the fluid added mass effect on the dynamic response of the test system.  In 

1983, Tichy [4] uses an order of magnitude analysis to demonstrate that fluid inertia 

forces are indeed comparable to viscous forces in squeeze film dampers for Reynolds 

numbers equal to 10. In the early 80’s extensive work was conducted by several 

researchers [3-9] to investigate the influence of fluid inertia effects on the dynamic 

response of SFDs. These analytical efforts to study fluid inertia effects have been 

partially successful. Predictions of fluid inertia coefficients present adequate correlation 

with experimental data only for the simplest geometries tested [6]. In the case of 

configurations with feeding grooves and recesses (mainly shallow ones), added mass 

coefficient are largely underpredicted by about 50% [6]. As a consequence, analytical 

efforts concentrated on studying the influence of circumferential grooves in the forced 

response of SFDs. Up to date, the added mass terms on SFDs remain to be properly 

predicted for most common geometries, as evidenced in recent experimental work [14]. 

Such deficiency also extends to grooved annular oils seals (floating rig seals) operating in 

the laminar flow regime [15].  

The following review introduces some of the most relevant analytical work on fluid 

inertia effects on grooved SFD and oil seals, as well as some of the most recent 

experimental investigations evidencing large discrepancies between added mass 

predictions and test results. 
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II Literature Review 
 

This section presents a brief review of research conducted to quantify the effect of 

fluid inertia on the dynamic response of grooved SFDs and annular oil seals, as well as 

experimental work exposing the discrepancy between predictions of added mass 

coefficients and test results. The publications in each subsection are presented in 

chronological order.   

I.1 Grooved SFDs 
 

San Andrés [16] analyzes the forced response of a squeeze film damper with a central 

groove. The analysis, based on the short length bearing model and for small centered 

journal motions, includes the dynamic interaction of the flow at the interface between the 

squeeze film lands and a central (mid-plane) feeding groove. Analytical results show that 

a SFD with a shallow groove behaves at low frequencies as a single land damper. 

Dynamic force coefficients are determined to be frequency dependent. Predictions show 

that the combined action of fluid inertia and groove volume-liquid compressibility affects 

the force coefficients for dynamic excitation at large frequencies.  

Arauz and San Andrés [17] use bulk flow equations, as in Ref. [16], but include 

circumferential flow (i.e. no short length bearing assumption) and neglect fluid 

compressibility at the groove. The bulk flow equations for small centered journal orbits 

are amenable to be solved exactly. Predictions of tangential and radial forces at the 

groove and the SFD lands are compared to experimental results. Interestingly enough, 

recorded dynamic pressure levels at shallow grooves (cg/c < 10) and the film land are of 

the same order of magnitude. Comparisons with experimental data indicate that the 

predictions reproduce well the forces at the groove, but underestimate the radial force and 

overestimate the tangential (damping) force at the damper film land.  

Arauz and San Andrés [18] present tests revealing the importance of a circumferential 

feeding groove and recirculation annuli on the forced response of a test damper. The test 

results show that the radial forces in a groove with depth-to-clearance ratios of 5 to 10 are 

similar or larger to those at the SFD land (depending on the journal whirl orbit amplitude). 

For uncavitated lubricant conditions, the tangential (damping) forces at the groove are 

smaller than at the damper film land but still of comparable magnitude. 
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Zhang and Roberts [19] present an analysis to predict SFD force coefficients 

including the effects of the central groove and oil supply system. The authors make a 

balance of the flow and pressure starting at the upstream supply pipe, passing through a 

recirculation groove, and into the damper film land. Predictions are presented in terms of 

damping and inertia force coefficients, which are compared with experimental values 

obtained by Ellis et al. [20] and Zhang et al. [21]. The comparisons show that the derived 

formulas marginally improve the prediction of damping and inertia force coefficients. 

The analysis focuses more on modeling the inlet pipe line than the flow transition 

between the groove and the damper film land. An expression for the pressure drop at the 

groove-film land interface is obtained by using the inertialess axial velocity profile and 

integrating the axial momentum and continuity equations across the film thickness. 

Qingchang  et al. [22] analyze the effect of circumferential grooves on the forced 

response of SFDs. For the groove, the authors used the same model as that in Ref. [16]. 

For the squeeze film land the authors use a similar approach to that in Ref. [23]. The 

solution of the pressure field and fluid forces along the SFD follow form the continuity 

equation and equating the pressures at the interface groove-film land. Nonetheless, the 

experimental results show that the radial (inertial) force is underpredicted by a factor of 

three.   

Della Pietra and Adilleta [12,13] present a comprehensive review of the state of the 

art on SFDs up to 2002. The review discusses the analytical and experimental 

investigations on fluid inertia effects on grooved SFDs, and urges for better models to 

predict force coefficients on SFDs with common geometries (i.e. including 

circumferential grooves and recesses).  

Lund et al. [24] present analytical predictions and experimental results of dynamic 

force coefficients of a SFD with a central groove and sealed at both ends with O-rings. 

An equivalent first-order Reynolds equation is derived and solved using a perturbation 

analysis for small amplitude centered journal orbits. A bulk flow model is used to 

describe the conditions in the central groove. The experiments consist of unidirectional 

dynamic load excitations on SFDs with various groove depths and widths. The results 

show that the damping coefficient fairly agrees with analytical predictions for increasing 

groove volumes (i.e. depth and width). On the other hand, the fluid inertia force 

coefficient tends to be overpredicted (up to 70 %) as the groove volume increases. 
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Kim and Lee [25] present experiments and predictions of the force coefficients in a 

sealed SFD with feed and discharge grooves. The theoretical development follows from 

the bulk flow equations with the pressure and velocity fields as originally given by 

Mulcahy [5] and San Andrés [6]. The dynamic film pressure at the groove is obtained as 

in Ref. [16] where the fluid at the groove is regarded as slightly compressible. The tests 

and analysis includes one-stage and two-stage seal configurations. For the two-stage seal, 

predictions of the inertia coefficient correlate well experimental data, while the test 

damping coefficients are underestimated. 

Recently, in 2006, San Andres and Delgado [14] experimentally identify force 

coefficients on an end sealed SFD describing circular centered orbits. The SFD is fed 

from a side plenum, and incorporates circumferential grooves at the inlet and outlet of the 

damper. The experimental work aims to evaluate the effectiveness of the end seal in 

preventing air ingestion and extract the force coefficient from single frequency excitation 

tests. The identified damping coefficients are presented as a function of the amplitude of 

motion and correlate well with predictive formula found in the literature [26]. On the 

other hand, the added mass coefficients are largely underpredicted. Interestingly enough, 

the authors state that more realistic predictions, correlating well with experimental 

estimations, are obtained using twice the length of the damper film land. This report 

provides a detailed analysis to support the improved correlations. 

I.2 Grooved oil seals 
The literature in annular liquid seals is extensive but mainly includes seals operating 

under turbulent flow regimes (i.e. Re ≥ 2000). For the current analysis, the case of 

interest is grooved oil seals operating under laminar flow regimes. Oil seals are known to 

induce instability problems in compressors [27, 28]. A general practice is to groove the 

oil seals to reduce the cross-coupled stiffness coefficients and to improve their stability 

characteristics. This literature review includes analytical and experimental work 

conducted on grooved oil seals under laminar flow operation. In particular, the review 

emphasizes the correlation between predictions and experiments for added mass 

coefficients (i.e. fluid inertia effects).  

Semanate and San Andrés [15] present an analysis to predict force coefficients of a 

grooved oil seal operating under either laminar or turbulent flow regimes. The analysis 

includes the solution of the isoviscous, bulk flow equations disregarding fluid inertia 
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terms. The analysis accounts for inertial and viscous loss effects at the seal entrance but 

neglects pressure variations across the circumferential grooves. Predictions indicate that 

the grooved oil seal cross-coupled stiffness and direct damping coefficients are 

significantly smaller that those of smooth seals. Such results indicate that the grooves 

effectively separate the seal lands and thus reduce the seal force coefficients. For example, 

for a seal with a single mid-land groove the code predicts that the cross-coupled stiffness 

and damping coefficients would be ¼ of those identified for the smooth seal. As 

mentioned above, fluid inertia effects in the lands are considered negligible in the noted 

reference.  

Baheti and Kirk [27] obtain the pressure and temperature distributions in a grooved 

oil seal from a finite element solution of the Reynolds and energy equations. The study 

includes square and circular grooves with and without steps. The groove depths are 

approximately 6 times the seal clearance and the lengths are nearly 1/6 of the seal land 

length. Predictions indicate that the grooves effectively isolate the seal lands as the 

stiffness and damping force coefficients are reduced by approximately 60 % for the 

grooved configurations.  

Childs et al. [28] identify experimentally the rotordynamic force coefficients and 

leakage characteristics of a smooth and a grooved oil seals operating in the laminar flow 

regime. The grooved seal includes three small round circumferential grooves. This 

research work is intended to provide experiments to validate predictions and to assess the 

effectiveness of the grooves in reducing cross-coupled stiffness effects. The 

experimentally derived force coefficients for the smooth seal are compared to predictions 

based on Ref. [29], and the grooved seal force coefficients are compared to predictions 

from Semante and San Andrés [30]. The experimental force coefficients for the smooth 

seal present reasonable agreement with the predictions based on [29] except for the added 

mass terms which are underpredicted by a factor of ~seven. The authors attribute the 

discrepancy to the effects of inlet groove and the exit chamber. However, pressure 

measurements at both the inlet groove an exit cavity show no pressure oscillations. On 

the other hand, predictions based on [30] do not represent well the experimental results 

from the grooved seal. The measurements do not reflect the large reduction in cross-

coupled stiffnesses as predicted in [27, 30]. The current analysis hereby presented 

demonstrates that the exit (discharge) groove does not have an effect on the added mass 
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term, and that regardless of the groove depth, the groove will not isolate adjacent film 

lands. 

Childs et al. [31] present more experiments on a grooved annular seal to determine 

the influence of the groove depth on the seal forced response and leakage performance. In 

this case, the test seal includes an internal single square groove. The groove depth-to 

clearance ratios tested are 5, 10 and 15. The tests include centered and off-centered 

journal operation up to 70 % of the radial clearance; rotor speeds from 4000 to 10000 

rpm, and three oil supply pressures (24, 45, 70 bar). The Reynolds numbers for each case 

are well below 2000 (i.e. laminar flow condition). The results from the dynamic load tests 

indicate that the rotordynamic coefficients decrease with increasing groove depths except 

for the added mass terms. Comparisons of experimental data with predictions based on 

Ref. [30] show that the seal force coefficients are underpredicted, which indicates that the 

groove does not effectively separate the seal lands (i.e. Kxy (1 land) ≠ ¼ Kxy (2 lands), 

Cxx(1 land) ≠  ¼ Cxx(2 lands)). In addition, the test added mass coefficients are 

considerably large, up to 30 kg for centered journal operation. Predictions of added mass 

coefficients from Ref. [2] yield 2.8 kg (i.e. 10 times smaller than the experimental value).  

III Analysis 
 

As presented in the literature review, there is a need for a model that properly predicts 

inertia force coefficients on grooved SFDs and oil annular seals. The bulk flow model 

presently advanced is supported by qualitative observations of the laminar flow pattern 

through annular cavities with grooves. Figure 1 depicts a representation of the 

streamlines for a pressure driven flow on a symmetric annular cavity with a supply 

groove and a mid-land groove.  

The analysis considers two major assumptions for determining the appropriate 

boundary conditions to obtain the fluid forces for small journal dynamic motions. The 

first assumption considers an effective groove clearance (cη= dη+ c) defined by the 

streamline dividing the recirculation region from the rest of the thru-flow. Thus, the 

dividing streamline is assumed to act as a physical boundary defining an effective groove 

depth (dη), obviously different from the physical groove depth.  

In terms of damping coefficients, even for small effective groove depths (i.e. dη=5c), 

the damping contribution from the groove remains significantly lower than that related to 
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the ungrooved portion of the annular cavity. Recall that damping coefficients are 

proportional to 1/cη
3 [6]. On the other hand, the added mass coefficient, which is 

proportional to 1/cη [6], presents the same order of magnitude at the grooves than at the 

lands (i.e. ungrooved portion) when based on a effective groove depth (dη). 

The second important assumption relates to the pressure distribution at the deep 

central groove. Initially, it was thought that there is no development of dynamic pressures 

at the central grooves in SFDs. However, experimental results [6,17,18] show  that the 

dynamic pressures generated in a groove are of significant magnitude when compared to 

those generated at the film lands, in particular for motions about the journal centered 

condition. The generation of the dynamic pressure at the groove is related to the 

geometrical symmetry of the system and the large local squeeze film Reynolds number 

(ρωcg
2/μ). For journal dynamic displacements the axial flow through the oil inlet plane 

must be zero, and thus the dynamic pressure field is not null at the groove.  

A perturbation analysis of the bulk flow equations for centered small amplitude orbits 

implementing the aforementioned hypotheses follows.  

 

 
Figure 1 Schematic view of streamlines in axially symmetric grooved annular cavity (ΔP= 

Ps-Pd). 

 

III.1 Bulk flow formulation 
 

The analysis determines the fluid forces developed in multi-groove annular cavities 

enclosing a rotating journal whirling with small amplitudes about a centered position. 

The model applies to SFDs with multiple constant clearance sections, and to smooth and 

grooved oil seals operating on the laminar flow regime. Specifically, the formulation is 

y 

z
Ps- Pd  >0 
Pd :discharge pressure  

feed plenum groove 
mid-land groove 

Pd Pd 

oil supply, Ps 
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detailed for the case of annular cavities with axially symmetric groove arrangements, 

including a central feeding groove as shown in Figure 2.  

The multiple groove annular cavity is divided into individual flow regions with 

uniform clearance. In case of a groove, the depth is expressed in terms of an effective 

groove depth (dη), which differs from the actual physical groove depth. 

 The following derivation applies to each individual flow region with constant 

clearance, and with the coordinate system set at the entrance of the corresponding 

grooved or ungrooved region. Figure 3 depicts the journal and the coordinate system used 

in the analysis for small journal motions about a centered position.   

 

 
Figure 2 Schematic view of grooved annular cavity divided into flow regions.  

 
Figure 3  View of rotating and whirling journal and coordinate system for bulk-flow 
analysis. 

x= θR 

Y 

X

Δe 

ω 
h Ω 

R 

Ω= rotational speed 

Δe= journal displacement 
ω= whirling frequency 

Oil supply 

n+1 

z1 zIII zII zIV 

1 2 3 4 

zN 

n I II III IV

Ν 

N 

α=1,2...Ν 
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Within each individual flow region the bulk-flow mass flow rates in the 

circumferential (x) and axial (z) directions are:  

 
;x x z zm h V m h V

α α α αα αρ ρ= =        , ,...I II Nα =  (1) 
  
where hα is the film thickness, ( ,x zV V

α α
) are bulk-flow velocities for each flow region α, 

and ρ is the lubricant density. 

The bulk-flow continuity and moment transport equations without fluid advection 

terms are linear and given as [32]: 

 

( ) ( ) ( ) 0x zm m h
x z tα α α

α

ρ∂ ∂ ∂
+ + =

∂ ∂ ∂
 (2) 

   
( )

2
x

x x

mP Rh k V
x h t

α

α

α
α

α

μ ∂∂ Ω⎛ ⎞− = − +⎜ ⎟∂ ∂⎝ ⎠
 (3) 

 
( )zz

z

mVPh k
z h t

ααα
α

α α

μ
∂∂

− = +
∂ ∂

 ;     , ,...I II Nα =  (4) 

     

with kx=kz=12 for laminar flow and μ is the lubricant viscosity. Equations (3) and (4) are 

written as: 

   
( )

( )

3 2

3 2

;
2

   ;   , ,...

x
x

x x

z
z

z z

mh P h h Rm
k x k t

mh P hm I II N
k z k t

α

α

α

α

α α α α

α α α

α

ρ ρ ρ
μ μ

ρ ρ α
μ μ

∂∂ Ω
= − − +

∂ ∂

∂∂
= − − =

∂ ∂

    (5) 

 
Differentiating xm

α
 with respect to x, and zm

α
 with respect to zα, adding both 

equations and disregarding second order terms yields a Reynolds-like equation for the 

film pressure of an incompressible fluid [33]  
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( ) ( ) ( ) ( )
2

3 3 2
212 6

                                                                                                              , ,...

P Ph h h R h h h
x x z z t x t

I II N

α α
α α α α α α

α α

μ μ ρ

α

⎛ ⎞⎛ ⎞∂ ∂∂ ∂ ∂ ∂ ∂
+ = + Ω +⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

=
 

(6) 

The journal describes dynamic motions of small amplitude (ΔeX , ΔeY )<< c  
αη  and 

frequency ω about its centered position,.  The film thickness (hα) equals 

{ }cos sin ; , 1; , ,...i t
X Y X Yh  = c +  e   ( ) + e   ( ) e e  < < c  , i  = I II Ne

α α

ω
α η ηθ θ αΔ Δ Δ Δ − = (7)

 
where c c d

α αη η= + at a grooved region, of effective groove depth d
αη . The pressure is 

expressed as a superposition of a zeroth order field (Po) and a first order (dynamic) fields 

( ,X YP P
α α

) 

 
{ }0  ;   , ,...i t

X X Y YP  = P  +   e  P  + e  P I II Ne
α α α

ω
α αΔ Δ =  (8) 

 
Substitution of Eqs. (7) and (8), into Eq. (9) gives the zeroth order equilibrium pressure 

equations 

( )
2

0 03 3
0 020 0

                                                                                                         , ,...

P P dc c P P a s z
x x z z d z

I II N

α α

α α α αη η α α α
α α α

α

∂ ∂⎛ ⎞ ⎛ ⎞∂ ∂
+ = → = → = +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

=

  (9) 

   
since the static component of film thickness does not change along the axial or 

circumferential directions        

 
The first order equations for journal displacements along the X and Y directions are 
 

{ }

{ }

2 2

*2 2 3 3

2 2

*2 2 3 3

612 1 Re cos sin( )

612 1 Re sin cos( )      ;      , ,...

X X

Y Y

P P
i i  ( )

x z c c

P P
i i  ( ) I II N

x z c c

α α
α

α α

α α
α

α α

α η η

α η η

μ ω μθ θ

μ ω μθ θ α

⎧ ⎫∂ ∂ Ω⎪ ⎪+ = + − ⎨ ⎬
∂ ∂ ⎪ ⎪⎩ ⎭

⎧ ⎫∂ ∂ Ω⎪ ⎪+ = + + =⎨ ⎬∂ ∂ ⎪ ⎪⎩ ⎭

 (10) 

 

respectively, where 
2

*Re
12

c
α

α

ηρω
μ

=  is a modified local squeeze film Reynolds number, 

  
The perturbed pressure field XP

α
 is simply  
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( ) ( ) cos( ) ( )sin( )    ;      , ,...X X XP z f z g z I II N

α α αα αθ θ α= + =  (11) 
 
Substituting Eq. (11) into the first of Eqs. (10) and collecting similar terms leads 
to  
 

{ }
2

*2 2 3

2

2 2 3

12 1 Re ;

6    ;    , ,...

X X

X X

d f f
i i

d z R c

d g g
I II N

d z R c

α α

α

α

α α

α

η

η

μ ω

μ α

− = +

Ω
− = − =

 (12) 

   
The homogenous solutions of Eqs.(12) are: 
 

( ) cosh sinh

( ) cosh sinh ;      , ,...

H

H

X f f

X g g

z zf z c sR R

z zg z c s I II NR R

α αα

α αα

α α
α

α α
α α
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⎝ ⎠ ⎝ ⎠
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 (13) 

   
with particular solutions: 
 

{ }
2 2

*3 3

612 1 Re    ;    
P PX X

R Rf i i g
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α α

α αη η

μ ω μΩ
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Then, ( ) ( )

H PX X Xf z f z f
α α αα α= +  and ( ) ( )

H PX X Xg z g z g
α α αα α= + . 

 
 A similar procedure is to be followed for evaluation of YP

α
  where 

( )cos( ) ( )sin( );Y Y YP f z g z
α α αα αθ θ= +  and from Eq. (10)    ;   Y X Y Xg f f g

α α α α
= = −       

The total dynamic fluid film force generated along the annular cavity includes the 

contribution of the forces generated at each flow region Lα (i.e. film lands and grooves).  

The total force (radial and tangential) is defined as 

22
0
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0
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⎪ ⎪
⎩ ⎭

∫
∑ ∑∫ ∫

∫
                                                                                                                                         (15) 
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with  α=1,2,…N,  and N as the number of flow regions. Note that KXX=KYY, CXX=CYY, 

KXY=-KYX for centered motions.   

    
From Eqs. (5), the volumetric flow rates, per unit length are 

 
( )

( )

3 2

3 2

;
2

;         , ,...

xx
x

x x

zz
z

z z

qm h P h hq R
k x k t

qm h P hq I II N
k z k t

αα

α

αα

α

α α α α

α α α

ρ
ρ μ μ

ρ α
ρ μ μ

∂∂
= = − − + Ω

∂ ∂

∂∂
= = − − =

∂ ∂

 (16) 

 
As with the pressure field, the flow rates are defined as the superposition of zeroth and 

first order flow fields, i.e. 

{ }
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X Y
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ω
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 (17) 

and 
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;

;      , ,...
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α
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α
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ω
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Substitution of Eqs. (7), (8) and (9) into Eq. (18) leads to zeroth and first 

order expressions, i.e. 

     

( ) ( ) ( ) ( )
3 3
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 (19a) 
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For motion perturbations along the X-direction, 
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The various coefficients , ,..( , , , )f g f g I II Nc c s s

α α α α α =  are obtained from appropriate 

boundary conditions at the interfaces groove-film lands, and from specified pressure or 

flow conditions at the inlet and exit planes of the global flow region. The pressure must 

be single-valued and the axial flow rates, leaving one flow region and entering the next 

flow region, must be identical. In the case of a SFD, the rotational speed (Ω) is set to zero.  

I.1.1 Boundary conditions 
First, the static pressure field is defined using Eq.(9),  provided that the supply (inlet) 

and discharge pressures (P1, Pn+1) are specified. Once the static pressure gradients are 

identified (i.e. dPs
dz

α
α

α

= ), the dynamic pressure field ( XP
α

) is obtained by applying the 

following boundary conditions: 

a)  The cavity exit discharges to ambient pressure and thus there is no generation of 

dynamic pressure at the exit plate (last flow region, zN=LN). This condition is written as  

 
0 ( )cos( ) ( )sin( )

N N N
N N

X x N x Nz L
P f L g Lθ θ

=
= = +  (21) 

 
Separating the sine and cosine terms and substituting in Eq. (13) yields  

2

3

2

3

cosh sinh ; 12
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N N N N
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N N N N

N

N N
f f

N N
g g
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μ ω
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⎝ ⎠ ⎝ ⎠

Ω⎛ ⎞ ⎛ ⎞+ = = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (22) 

 
b) At interfaces groove and land, the first-order pressures are identical, i.e.  
 

1
1

1 1

0
;   1... 1

    ( ) (0);   ( ) (0)

X Xz L z

X X X X

P P N

f L f g L g

α α
α α α

α α α αα α

α
+

+

+ +

= =
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 (23) 

 
c) The axial flow rates must match at the interface between groove and land, i.e.   

 

( ) ( )1
1

1

* *
0

1 Re 1 Re ;   1... 1
X Xz z

z L z
q i q i Nα α

α α
α α α

α+
+
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 (24) 

 
Substituting in Eq. (13) yields  
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(25) 

 
d) Finally, due to geometrical symmetry, the axial flow rate must be null at z1=0 (groove 

middle plane). Thus, from Eq. 25, 
1gs = 0. This last boundary condition implies a non-

zero dynamic pressure value at the groove middle plane. 

The combined set of boundary conditions provides the necessary equations to solve 

for the dynamic pressure functions and thus obtain the force coefficients.  

First, the method is applied to determine the force coefficients of a simple one land 

SFD to validate the results with the classical formulas [2]. Subsequently, the application 

of these equations is illustrated for two cases: a grooved oil seal and an end sealed SFD.   

III.2 Single film land- classical solution model 
 

Figure 4 presents a schematic view of a single SFD land extending from 

2 2
L Lz− ≤ ≤ . Both ends are exposed to ambient pressure and there is no static axial 

pressure drop. 

 
 

Figure 4  Schematic view of a simple SFD and boundary conditions. 

 
The first order pressure fields must be symmetric about z=0; hence the hyperbolic 

sine terms disappear in Eq. (13), i.e. sf=sg=0. Thus 
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z zf z c f g z cR R= + =  (26) 
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At the ends the pressure is ambient (Pa), and thus the dynamic pressure is set to zero at 

both ends, hence  

 

( )2

0;   ; 0
cosh

P

Lz

X
X X f g

fLP f c cLD D=

−⎛ ⎞= = → = =⎜ ⎟
⎝ ⎠

 (27) 

 
with 

PXf defined in Eq.(14).  Integrating the pressure across the damper land  
   

( )
( )

/ 2

/ 2
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i ( ) 1
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2

XX XX XX P
L

L
D -  + R f z dz f R LCK M L

D
ω π πω

−

⎡ ⎤
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⎢ ⎥
⎣ ⎦

∫  (28) 

 
yields the force coefficients  

( )
( )

3

3

tanh
12 1XX

LR L DC Lc
D

μπ
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3 tanh
0; 1XX XX

LR L DK  M
Lc

D

ρπ
⎡ ⎤
⎢ ⎥= = −
⎢ ⎥
⎣ ⎦

 

(29) 

 

which coincide with the classical damping and inertia force coefficients derived by 

Reinhart and Lund [2].  

IV Model validation with experimental data 
 

This section includes comparisons of experimental and predicted damping, stiffness 

and mass coefficients for an oil ring seal and an end sealed SFD. The results are 

presented in terms of an effective groove clearance (cη= dη + c ), where dη is the effective 

groove depth and c is the film land clearance.  

IV.1 Grooved Oil Seal  
 

The experimental data for the oil seal is obtained from Graviss [33]. Figure 5 depicts 

the actual configuration of the grooved oil seal. Notice that the test configuration is 

axially symmetric, with parallel seals and a central supply groove. 

 

 



 22

 

 
Figure 5 Configuration of parallel oil seals tested in [33].  

IV.1.1 Geometry and model description 

Figure 6 depicts the modeled portion of the oil seal and the partition into flow regions. 

Table 1 lists the physical dimensions, fluid properties and operating conditions of the test 

seal. The seal is divided into 4 flow regions with the following boundary conditions: 

• Dynamic pressure set to zero at exit plane (Eq. 21). 

• Pressures and flow rates equated at intermediate boundaries (Eqs. 23, 24) 

• Axial flow rate at inlet groove (symmetry plane) is set to zero (
1gs = 0) 

 

 
Figure 6 Partial view of test grooved oil seal geometry [33] and flow regions for 

predictions. 

 
 
 
 
 
 
 

c (1-16)*c (1-20)*c 

z 

I II III IV 

c 

Mid-land 
groove 

Inlet 
groove Land

13 mm 

76*c 

c 

76*c 

(0-15)*c 

24.89 mm 

4 mm 

136*c 

11.4 mm 11.4 mm 

Oil supply Seal length 
Discharge plenum 

Buffer seal Journal 



 23

Table 1 Oil seal configuration, operating conditions and fluid properties. 

Dimensions   
Journal Diameter  117 mm 
Seal length  24.89 mm 
Clearance  85.9 μm 
½ Inlet groove length 17 mm 
½ Inlet groove depth (

Igd ) 135c 
Mid-land groove length 2 mm  
Mid-land groove depth (

IIIgd ) (0,5,10,15)c   (tests) 

Parameters  
Shaft speed 4000 rpm -10000 rpm 
Oil density  850 kg/m3 

Oil viscosity 0.02 Pa.s 
Supply Pressure 2.4-7 bar 

 

IV.1.2 Results and comparisons to experimental data 

The dynamic pressure fields over each flow region are integrated to obtain the seal 

force coefficients as detailed in Eq. (15). Figure 7 presents the damping and added mass 

coefficients versus an effective inlet groove-to-seal clearance ratios for the seal 

configuration without mid-land (internal) groove (i.e. 
III

c c= ). The results show that the 

damping coefficient (tangential force) rapidly converges to a constant value (C=88 

kN.s/m) for 10
I

c cη ≥ . For deep inlet grooves, the contribution of the groove to the 

overall tangential force (damping force) is negligible.  

On the other hand, the direct added mass coefficient converges more slowly towards 

an asymptotic value.  However, the most important observation is that the added mass 

coefficient presents good correlation with the experimental results precisely in the 

neighborhood of cη magnitudes for which the overall damping becomes insensitive to the 

groove depth. Thus, comparisons of the damping values for decreasing dη with that for a 

deep groove may be used to obtain an effective groove clearance cη that properly predicts 

the mass coefficients. Of course, this recommendation applies to relatively large and deep 

(central) grooves.  
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Figure 7 Direct damping and added mass coefficients versus effective inlet groove-to-seal 
clearance ratio. Solid lines represent predictions and dotted lines enclose the range of 
experimental values from [33] for a smooth seal (no mid-land groove).  

 
For the configuration with an internal groove dividing the original seal length, Figure 

8 presents the predicted damping and added mass coefficients versus effective inlet 

groove-to-seal clearance ratios. The graph includes three different mid-land grooves with 

effective groove depths
III

( =5 , 10 , 15 )d c c cη . The damping coefficient quickly decreases 

for increasing mid-land groove depths. On the other hand, the added mass coefficient 

increases as the effective groove depth increases up to a peak value (i.e. 
III

5d cη = ). As in 

the previous figure, the added mass coefficient correlates well with predictions for the 
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smallest cη , i.e. 6c, that has a minimum impact on the overall tangential force developed 

by the seal. 
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Figure 8 Direct damping and added mass coefficients versus effective central groove 
groove-to-clearance ratio. Solid lines represent predictions for three different effective 
mid-land seal groove depths 

III
( =5 , 10 , 15 )d c c cη . Dotted lines enclose the range of 

experimental values from [33] for two seal depths
III

( = , +15 )gd c c c .  

 
Figure 9 depicts the direct damping and added mass coefficients versus mid-land 

groove to-seal clearance ratios, including two effective groove depths for the central 

groove. These values are within the range of best correlation in Figure 8.  The damping 
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steadily decreases as the mid-land groove effective depth (
III

dη ) increases, whereas the 

mass presents a maximum value at 
III

cη ≈ 5. It is obvious that using the actual groove 

depth in the prediction would lead to smaller damping coefficients. In this case, the mid-

land groove is relatively shallow and short when compared to the seal land and the 

central groove. For this mid-land groove, it seems that the best effective groove depth is 

around 1/3 of the physical depth. Thus, the results show that using a fraction of the 

groove depth (even ½) leads to much better predictions of added mass coefficients. 

 Although, the effective depth should depend on the groove actual length and depth, 

current predictions may be generalized to short and shallow mid-land grooves typically 

used in grooved oil seals. A more general correlation will be determined using further test 

comparisons and CFD calculations to determine the effective groove depth from the 

streamline dividing the thru-flow and recirculation region. 

Figure 10 displays the cross-coupled stiffness coefficient (Kxy) versus rotor speed. 

The results include experimental data from Ref.[33] for no mid-land groove and with a 

mid-land groove 15c deep (i.e. 
III

=16c c ). The predictions are based on an effective inlet 

groove depth (
I

dη ) of 11c and a mid-land effective groove depth (
III

dη ) of 6c (i.e. half of 

actual groove size).  The predictions correlate best for the lowest rotor speeds. More 

importantly, the reduction in cross-coupled stiffness is properly captured using effective 

groove depths (
,I III

dη ) that provide good correlation between experiments and predictions 

of added mass and damping coefficients.  
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Figure 9 Direct damping and added mass coefficients versus effective mid-land groove 
depth. Solid lines represent predictions for two different effective central groove depths 

I
( =6 , 11 )d c cη . Dotted lines enclose the range of experimental values from [33] for two 

seal depths
III

( =0, 15 )gd c .  
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Figure 10 Cross-coupled stiffness coefficients versus rotor speed. Solid lines represent 
predictions for smooth seal and a effective mid-land groove depth with 

III
( =0,6 )d cη . 

Dotted lines represent experimental values from [33] for a smooth seal and a grooved seal 
(mid-land groove depth =16c).  

 

IV.2 Sealed SFD 
 

In this section the model predictions are compared to experimental results obtained in 

a sealed SFD as part an experimental research sponsored by TRC [14]. 

IV.2.1 Geometry and model description 

Figure 11 shows a cut view of the test SFD. The damper is fed from the top and the 

oils exists the damper at an end discharge groove and four outlet ports. Each outlet port 

includes a 2.8mm hole flow restrictor. Measurements of the dynamic pressure are 

available at the discharge groove. Figure 12 depicts a schematic view of the SFD 

detailing the groove and land dimensions, and the flow region subdivisions.    
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Figure 11 Sealed-end SFD assembly cut view. 

 

 
Figure 12 Test squeeze film damper geometry and flow regions used for predictions [14]. 

 
 
The boundary conditions are: 
 

• Null axial flow at the feeding groove inlet (Eq. 21).  This condition implies that 
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• Equal pressure and flow rates at internal flow region interfaces. (Eqs. 23,24) 

• Dynamic pressure amplitude set at outlet plane from measurements.  

 
Table 2 Test conditions for dynamic load tests (CCO). Lubricated SFD 

Inlet pressure (Ps)* 31 kPa           
Discharge groove pressure (Pr)* 8.6 kPa-15.5 kPa                   
Frequency range  20-70 Hz (2 Hz step) 
Lubricant temperature (T) 23-25 0C (73-77 0F) 
Viscosity (η) 3.1 cP- 2.8 cP 
Clearance (c) 125-127 μm (4.9-5  mils) 
Orbit amplitude (e) 12-50 μm (0.5-2 mils) 
Flow restrictors (hole diameter) 2.8 mm  

  *: Gauge pressure. 

IV.2.2 Results and comparisons to experimental data 

 
Figure 13 depicts the SFD damping and added mass coefficients versus effective 

discharge groove-to-film clearance ratios and two arbitrary effective inlet groove 

depths ( 11 ,6 )
I

d c cη = . The results show that both force coefficients are insensitive to an 

outlet groove depth of 3
III

d cη ≥ . Thus, only the actual physical discharge groove depth is 

considered in the parametric study.  

Figure 14 depicts the damping and added mass coefficients versus effective inlet 

groove-to-film clearance ratios. Regarding the inlet groove, the results are similar to 

those found for the oil seal (Figure 7). Again, the best estimates of mass coefficients 

correspond to the smallest effective groove depths (i.e. 10
I

c cη ∼ ) that do not have a 

significant impact (>10%) on the SFD tangential forces (damping coefficient) estimated 

using the actual groove depth.  
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Figure 13 Predicted SFD damping and added mass coefficients versus effective inlet 
groove depths. Solid lines represent predictions for two different inlet effective groove 
depths ( 12 ,7 )

I
c c cη = . Dotted lines represent range of experimental values from [14]. 
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Figure 14 Predicted SFD added mass coefficient versus effective inlet groove depth. Solid 
lines represent predictions. Dotted lines represent range of experimental values from [14].  
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V Conclusions  
 

An improved bulk-flow model to predict force coefficients in multiple groove annular 

cavities is presented. The model divides the multiple groove annular cavities into flow 

regions of constant clearance. At the groove regions, an effective groove depth ( dη ) and 

clearance ( c d cη η= + ) are defined based on qualitative observations of the laminar flow 

pattern through annular cavities. Continuity of the pressure and axial flow field is 

imposed at the flow region interfaces. For a central groove, considering geometrical 

symmetry, the axial flow at the mid plane is set to zero. This observation is supported by 

experiments [6,17,18] that evidence the generation of relatively large dynamic pressures 

at grooves in SFDs. The predictive model reproduces the classical force coefficients 

(from Ref. [2]) for a single land SFD. Furthermore, the model shows that the damping 

and stiffness coefficients decrease rapidly with increasing effective groove depths as 

these are proportional to 1/cη
3. On the other hand, the added mass coefficient, which is 

proportional to 1/cη, is less sensitive to changes in the effective groove depth. 

The model results explain unusual experimental data obtained in ring oil seals [33] 

and an end sealed SFD [14] through a parametric study varying the effective groove 

depths (dη). Comparisons of predicted and experimental force coefficients show excellent 

correlation for a narrow range of effective groove depths. Most importantly, the 

parametric study shows that the best analytical correlation for the force coefficients is 

obtained for the minimum effective groove depths for which the overall damping is not 

substantially modified (<10%) from that calculated using the actual physical groove 

depth.  

The seal cross-coupled stiffness coefficients are well predicted using an effective 

groove depth (dη) that best predicts also damping and added mass coefficients. More 

importantly, unlike the existing models, this formulation effectively predicts (i.e. does not 

overpredict) the reduction of cross-coupled stiffness due to the addition of a mid-land 

groove. 

In terms of a mid-land groove in a seal, the parametric study shows good correlation 

with the experimental data for effective depth (dη ) values smaller or equal to 50% of the 

groove depth. This result may be generalized for short and shallow grooves like those 
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found in oil seals. However, in order to determine the most appropriate effective depth 

for other groove sizes it is necessary to conduct more comparisons with experiments and 

to perform CFD calculations to find the effective groove depth from the streamline 

dividing the thru-flow from the recirculation region across the grooves. Future work will 

include such comparisons to determine appropriate effective depths according to the 

groove geometry.  
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