MEEN 459 - 1 DOF Example DERIVE EOM and STEP LOAD RESPONSE

Select a coordinate system for motions
FROM static equilibrium position,

X(t) is the coordinate for motion of mass M2
along the vertical direction, + downwards,
Y(t) is the coordinate for motion of mass M1

along the inclined plane, + downwards and to the
right

Smooth ~ #20°

W, = 5000- Ibf K 4 Ibf surface

= 10" —
Wy = 1000-Ibf ™" in

M2 ; X
0 = 20 1 angle of inclined plane
180 l
sec F(t),
N(V;wiz 15-Ibf- — applied at
In t>=0
Wy o
M = _ 5x 103 Ib Static equilibrium position defines origin of
1- g coordinates X, Y describing the motion of blocks
Wo 2 and 1, respectively.
Mo = —
g

(a) kinematic constraint - inextensible cable  The cable length is constant, thus
IC =|.+2X-Y and the kinematic constraint follows as Y=2X 1)

(b) Static deflection of spring

By definition of SEP (Static equilibrium position), i.e. system is NOT moving and without
any external forces applied into the system:

cabletension 5.1 = w, must hold weight 2
Static spring force  Fg = T + W4-sin(0) must hold a fraction of weight 1+
cable tension
hence W2
Fo = — t Wq-sin(0) = K-dg )
ds is the static deflection of the spring needed to hold the system (w/o motion)
W2
—— + Wy-sin(0)
§e = —2 3)
S K 53 = 0.018 ft



Free Body Diagram

Assumed state of motion to draw FBDs : X>0, Y>0

Spring force.

Wall ‘
s LS

Dashpot force: !

FD =C dY/dt
6=20°

N=W: cos(0)

T T (cable tension)

2T

F(t),

applied at t=0

(c) for t>0, external force F(t) is applied to block 2.

Assume state of motion with X>0, Y>0 and draw free body diagrams:
From the FBD diagrams, apply Newton's 2nd law to obtain:

BLOCK 2 d2
|\/|2._2)( = F(t) -2T+W> (4)
dt
BLOCK 1 d° i
Ml-FY = Wq-sin(0) + T-Fs—Fp (5
where FDamper = C.d_Y is a viscous drag force

dt (6)



Fs — (K-Y e 65) Is the spring elastic force

Note: EOM cannot contain internal forces
(Tension for example). The tension is
DETERMINED by the motion.

(d) Derive single EOM for block motion

Substitute Eq. (6) into Eqg. (5) and isolate the TENSION for substitution into Eq.
(4):

d° d° d :

Mo — X = F(t) + Wp — 2/ M{-— Y + (K-Y + K:-85) + C-=Y — Wy sin()
W )
But recall that, from SEP condition: > n Wl-Sin(e) - K. 53

Hence, Eq. (*) simplifies to

2 2
My 4 x = F)-2|Mp Ly s ky+cly and using the
dt? dt? dt constraint Y=2X
2
(Mg + 4-M1)-d_2X +4-K-X + 4-C-g_tx = F(t) @ final EOM
dt

(e) Calculate natural frequency and viscous damping ratio:
Use eq. (8) to continue wthe problem. Define equivalent physical parameters

Meq = |\/|2 + 4-|\/|1 Keq = 4-K Ceq = 4-C

2
Eow:  (9) Meq-%x + Ko X + Ceq-:—tx = F()

Define natural frequency, damping ratio and damped natural frequency:

5
Keq 1
Wp=|——| =27.118—

n
2:-TC




wq = wp(1- 2 - 27.113%

The damped natural frequency and period of motion are:

w
fd = 2—d = 4.315Hz Td = fi = 0.2325
-7T d

The damping ratio is not too large - motion will be oscillatory and will be damped out!

(f) Example: Applied force is constant, i.e. STEP force

Let Hence:
FO = lOOOOIbf MEN(t) = FO (9)
d? d _ _ 8)
What is steady-state motion? £
- - - __9 (10)
Since F(t) is a constant, the particular Xp = —— = 0.021ft
solution of Eq (8) is: Keq

(9) find the full transient response - dynamic motion of block

Complete solution: X(t) = Xy + Xp

X(t)=e C'wn't-(Cl-cos(wd-t) + Cy-sin(wg-t)) + Xp (11)

satisfy initial conditions at t=0:

ft
XA = 0-ft VA := 0-—— motion starts from rest
0 0 sec

attimet=0s
Cq = Xo — Xp = —0.021ft
VO + C-wn-Cl

Cy = = —4.238 x 10 *ft
“d




ft
Dl = —C-wn-Cl + Cz-wd = 0; D2 = _C'wn'CZ — Cl-wd = 0.565%

PLOT the response for times to 10 x damped period (my choice)

X(t)=e C.wn't-(Cl-cos(wd-t) + Co-sin(wg-t)) + X

V() =e C.wn't-(Dl-cos(<.uo|-t) + Dy-sin(wq-t)) T = 10Ty
max =



X (ft)

velocity (ft/sec)

0.04
0.03
0.02] |
0.01

!

O0 1 2
time (s)
1

time (s)

Spring (cable) force (dynamic+static) F(t) := K-(SS + 2-X(t))

Force in Cable (Ibf)

atss Feg 1= K-(ess + 2-Xp) = 7.21 x 10° Ibf

Steady state force magnitude

3x10°

2><105

1x10°

time (s) K-8g = 2.21 x 10° Ibf



