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Abstract The correct capture and understanding of the bearing- induced rotor vibrations is nowadays a rather
compulsory task, which should accompany the modeling and simulation work flow of high-speed rotor sys-
tems, such as turbochargers. The oil-film concentrated in the rotor’s journal bearings is the root cause of the
system’s occurring nonlinear effects known as sub-synchronous vibrations, the behavior of which depends
on both the system’s geometric and dynamic configuration. In this paper, a methodology is applied for the
case of a turbocharger with full-floating ring bearings that allows the quantification of the sub-synchronous
vibrations during run-up simulations. It is conducted by considering both the wheel shaft and shaft-bearing
geometry as a set of input parameters, the variation of which contributes in quantifying their influence upon the
sub-synchronous evolution with respect to amplitude and duration criteria. Motivated by linear multivariate
regression algorithms and data mining techniques, i.e., correlation coefficients and global sensitivity methods,
the influence of each design parameter on the sub-synchronous formation is analyzed. Furthermore, with the
help of the non-supervised neural network methods, design configurations are indicated that could be set as a
compromise in terms of feasibility and low-cost production.

Keywords Rotor dynamics · Oil-film bearings · Run-up simulations · Sub-synchronous vibrations · Shaft and
Bearing design · Data mining

1 Introduction

The modeling and simulation work flow of turbocharger rotors is constantly becoming a demanding task. The
implementation of the CO2 regulations with respect to the automotive emission constitutes the application of
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turbocharger-equipped internal combustion engines rather mandatory. Engine downsizing is the first conceptual
step to be conducted, but should be accompanied by extra implementation measures in order to keep up with
the also increasing engine performance characteristics. In this regard, the conventional turbocharger virtual
prototyping methodology should be extended, thus accounting for the new set of downsizing-induced boundary
conditions, which affect both the system’s efficiency and life time span. On one hand, the known rotor vibration
effects should be better captured and on the other hand the associated noise phenomena ought to be better
handled, since the downsized motors have to also operate on lower decibel scales. Therefore, the correct
capture and understanding of the oil-film bearing-induced sub-synchronous vibrations is nowadays a rather
compulsory task, which should accompany the modeling and simulation work flow of turbochargers.

On the basis of the aforesaid, the paper is organized as follows: In the second chapter, a brief description
is given with respect to the modeling procedure of the turbocharger rotor with full-floating ring bearings. The
main features of the run-up simulation are presented, which should constitute the kernel for the presented
methodology. The third chapter comprises of the detailed allocation of the system’s response space, i.e., output
data, based on which the rotor-bearing configurations will be evaluated. The fourth chapter includes the detailed
description for the proposed methodology, which is divided into two major categories, i.e., the shaft-bearing
position design and the shaft-bearing dimension design. For each of these categories, the associated space of
input data is outlined, which defines the basis for a parameter variation study. The fifth chapter copes with
an extended investigation and results’ illustration of the aforementioned parameter variation study with the
help of multivariate regression algorithms as well as data mining techniques in order to quantify the influence
of each design parameter upon the sub-synchronous formation. Finally, the application of an unsupervised
neural network methodology known as self-organizing maps (SOM) is included, which allows the indication
of design configurations that could be set as a compromise in terms of feasibility and low-cost production. The
conclusions are included in the last chapter.

2 Turbocharger run-up simulation: rotor-bearing model

As depicted in Fig. 1, the turbocharger rotor-bearing model with semi- or full-floating ring bearings is defined
as an assembly of rigid (e. g., bearings and wheels) and flexible bodies (e.g., shaft), which interact with each
other due to the presence of joints and force elements (e.g., bearing forces). Based on the floating frame
of reference formulation [37,38], the motion equations of such constrained mechanical multi-body systems
(MBS) are given by second order, index-3 differential-algebraic equations (DAE) [1,2,5,13], i.e.,

M(q)q̈(t) = h(q, q̇, t)− GT (q, t)λ (1)

0 = g(q, t) (2)

Here, qT ∈ R
n×1, n ∈ N

∗ represents the set of generalized coordinates, M ∈ R
n×n the symmetric mass matrix

and h(q, q̇, t) ∈ R
n×1 the vector containing all applied and velocity-dependent inertia forces. The generalized

constraint forces −GT (q, t)λ ∈ R
n×1 are defined by the associated Jacobian matrix G := (∂g/∂q)(q, t) and

the Lagrange multipliers λ ∈ R
nc satisfying the existing nc constraints.

In order to account for the drift-off occurrence associated with the additional hidden constraints on the
state variables q and λ [1,2,5,24], the Gear–Gupta–Leimkuhler—or stabilized index-2- formulation [15] is
adopted throughout the subsequent rotor dynamics calculations and solved based on a backward differentiation
formula (BDF) solver [5]:

q̇(t) = u − GT (q, t)μ (3)

M(q)u̇(t) = h(q,u, t)− GT (q, t)λ (4)

0 = g(q, t) (5)

0 = G(q, t)u + ∂g/∂t (q, t) (6)

μ(t) ∈ R
nc : auxiliary variable

The wheels and journal bearings are introduced into the multi-body model (3)–(6) as rigid bodies, thus
containing the information only w.r.t. the mass, center of mass and the associated moments of inertia (polar
and diametrical).

On the contrary, the shaft is modeled as a flexible body, which is discretized with linear finite elements
(FE) and incorporated in (3)–(6) by the application of the conventional model order reduction (MOR) scheme
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Fig. 1 Turbocharher rotordynamics—modeling procedure

known as component mode synthesis (CMS) [4,7,8,22,23,25]. The frequency threshold to be defined during
the MOR should appoint to a reduced model, which incorporated into the MBS (3)–(6) captures perfectly
the system’s natural gyroscopic frequencies up to the predefined rotor speed limit [4,34,35]. In this regard,
it is ascertained that the sub-synchronous -also known as oil-whirl/whip- excited gyroscopic modes occur at
the correct frequency range [33–35]. The root cause of the aforementioned sub-synchronous vibrations is the
oil-film concentrated in the rotor’s journal bearings, which in case of turbocharger rotors with full-floating ring
bearings drives the system to exhibit the following basic sub-synchronous responses [4,6,14,29,34,36,40]:

– 1st sub-synchronous (Sub1) with the oil-whirl/whip of the inner oil-film exciting the gyroscopic conical
forward mode,

– 2nd sub-synchronous (Sub2) with the oil-whirl/whip of the inner oil-film exciting the gyroscopic transla-
tional forward mode,

– 3rd sub-synchronous (Sub3) with the oil-whirl/whip of the outer oil-film exciting the gyroscopic conical
forward mode.

Within the framework of this paper, the oil-flow and pressure generation in both the inner and outer
clearanced bearings is calculated by solving the Reynolds equation [4,6,34,39] under the restrictions quoted
in Fig. 1 (for details see Appendix A). The fluid-film forces along with the friction torques are incorporated
into the MBS (3)–(6) for conducting the subsequent rotor dynamic simulations via lookup tables [33–36]. The
rotor is driven by a prescribed motion applied at the turbine wheel center of mass (Fig. 1).

Finally, the information w.r.t. rotor imbalance is represented by point masses, which are fixed at the
compressor and the turbine wheel at specific positions, thus allowing to account for in- and out-of-phase
imbalance definitions.

3 Turbocharger run-up simulation: configuration of the response space

The variety of parameters that influence the rotor dynamics of either simple Jeffcott or complex turbocharger
rotors has been extensively investigated in the literature during the past years. In particular, the influence of a
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Table 1 Configuration of the response space

Variable Description Unit

CWrel Radial displacement of the CW center of mass at maximum RPM (mm)
CSBeo CSB outer eccentricity at maximum RPM (–)
CSBei CSB inner eccentricity at maximum RPM (–)
TSBeo TSB outer eccentricity at maximum RPM (–)
TSBei TSB inner eccentricity at maximum RPM (–)
SubA

1 Begin of the 1st sub-synchronous mode (1/min)
SubE

1 End of the 1st sub-synchronous mode (1/min)
SubA

2 Begin of the 2nd sub-synchronous mode (1/min)
SubE

2 End of the 2nd sub-synchronous mode (1/min)
SubA

3 Begin of the 3rd sub-synchronous mode (1/min)
Subamp

1 Max. amplitude of the 1st sub-synchronous mode (mm)
Subamp

2 Max. amplitude of the 2nd sub-synchronous mode (mm)
Subamp

3 Max. amplitude of the 3rd sub-synchronous mode (mm)

CSB compressor side bearing , TSB turbine side bearing, CW compressor wheel—radial displacement as defined in Fig. 1, ei
inner eccentricity, eo outer eccentricity

Fig. 2 Run-up simulation of a rotor with full-floating bearings: a radial displacement of the compressor wheel’s center of mass
(CW.CM), b associated waterfall diagram indicating the sub-synchronous responses, c inner ei & outer eo eccentricities for the
compressor side (CSB) and turbine side (TSB) bearing

rotor’s bearing parameters upon several responses, e.g., friction loss and pressure forces, boundary oil-flow,
sub-synchronous has been shown in [14,18,26,29–31,40] in form of characteristic curves and non-dimensional
parameter ratios. The impact of external/base excitation and geometric uncertainties was demonstrated for a
jeffcott rotor study in [9–11], whereas an extended survey on the bifurcation evolution of several jeffcott and
turbocharger rotor model configurations was the core research in [3,34,35]. All above contributes in acquiring
empirical statements or non-dimensional quantities, e.g., Sommerfeld numbers, which ultimately deliver a
qualitative information for the properties that influence the system’s response.

Here, a different approach is undertaken in an effort to account for both qualitative as well as quantitative
information w.r.t. the influence of the investigated parameters on specified system responses, but also among the
responses themselves. In this regard, the definition of the associated response configuration space is conducted
as given in Table 1. The data should be considered as supplementary information to the conventional run-up
simulation results shown in Fig. 2.

In the special case of turbochargers with full-floating ring bearings, there exist two major rotor instability
bottlenecks, i.e., the second (Sub2) and the third (Sub3) sub-synchronous mode. As introduced in [3,33–
35], several sub-synchronous sequences are often observed in turbocharger run-ups, the occurrence of which
cannot be a priori predicted. Therefore, in Table 1, the information w.r.t. to the beginning and ending of each
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Fig. 3 Study I: Parameter definition

Table 2 Study I: Shaft-bearing position design—DoE parameter space based upon the reference configuration

Variable Reference (%) Min (%) Mean (%) Max (%) Range (%)

D 100 86.6 93.3 100 13.33
L B 100 75.3 96.5 105 29.7
LC B 100 73.68 100.6 105 31.3
LT B 100 90 99 110 20

The above parameters are depicted in Fig. 3 and normalized on the basis of a 100% reference configuration
A total of 20 configurations are computed (DoE-dimension of Study I)
D: Diameter of the shaft part between the two bearings, L B : distance between the center of masses of the two bearings, LCB:
center of mass distance between the compressor wheel and the compressor side bearing, LTB: center of mass distance between
the turbine wheel and the turbine side bearing

sub-synchronous is included as a mandatory response to be evaluated during each run-up simulation. It is
not only the sub-synchronous amplitude that has to be captured (Table 1), but the duration of each of the
aforementioned vibrations (in RPM), since for example a Sub3 optimized turbocharger might suffer from
extended Sub2-induced constant tone issues, etc. Furthermore, the inner and outer eccentricity information at
maximum RPM for both the compressor and turbine side bearing is assessed in order to acquire the information
to which of the oil-film becomes unstable based on the associated turbocharger rotor configuration. Finally,
the radial displacement of the compressor wheels center of mass at maximum RPM is included leading to a
total of 13 scalar quantities defining the configuration space of responses. The reason for considering the latter
is twofold: Firstly, it is accustomed for this information to be included as an output in turbocharger run-ups
due to correlation grounds w.r.t. to measurements, and secondly, because this output is composed based on
all signals (synchronous and sub-synchronous), it enables the correlation of the observed compressor wheel’s
radial displacement and the investigated sub-synchronous responses.

4 Turbocharger run-up simulation: parameter variation & boundary conditions

4.1 Study I: Shaft-bearing position design

The aim of the first study is to account for the influence of a rotor’s macro design geometry upon the set of
responses defined in Table 1. The macro-geometry regards the shaft-bearing position design as depicted in
Fig. 3.

The interspace between the bearing sleeve and the right-hand-side shaft end is parameterized by means of
defining three distance quantities LC B , L B and LT B (Fig. 3). These quantities are set as independent parameters
for a variation study, which is defined in terms of a Design of Experiment (DoE) [27] as given in Table 2.
Furthermore, the diameter D of the shaft part located between the two bearings (Fig. 3) is set as an extra DoE
parameter. Herewith, various rotor assemblies are generated, all of which have both different shaft diameter
and total length, which directly indicates that the flexible shaft-modeling process described in Sect. 2 and Fig. 1
should be repeated according to the predefined dimension of the DoE (Table 2). The rest of rotor assembly
design parameters are left intact.

Study I is applied for a rotor-bearing model with its basic configuration being listed in Table 3. It copes with
a small-sized high-speed turbocharger rotor with full-floating ring bearings. The size as well as the maximum
operating speed (3 × 105 RPM) indicates that the aforementioned vibration effects (Sub2 & Sub3) are not to
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Table 3 Study I: Shaft-bearing position design—basic rotor- assembly information

Design information of rotor assembly Approximate value (≈) Unit

Total rotor assembly mass 70 (g)
Total rotor assembly length 100 (mm)
Bearing ring inner & outer diameter 6 & 9.5 (mm)
Bearing ring inner & outer width 3.5 & 6 (mm)
Reference bearing shaft diameter D 6 (mm)
Reference length L = LCB + L B + LTB 65 (mm)
Unbalance at compressor & turbine wheel 2 × 0.03@0 ◦C & 2 × 0.03@0 ◦C (gmm)
Dynamic oil viscosity at 20 ◦C 0.16 (Ns/m2)
Oil supply temperature 150 (◦)
Rotor speed range (ramp acceleration) [0, 3] · 105 (1/min)

Table 4 Study II: Shaft-bearing dimension design—DoE parameter space based upon the reference configuration

Variable Reference (%) Min (%) Mean (%) Max (%) Range (%)

D1 100 91.6 92.8 100 8.33
D2 100 91.6 98.8 105 8.33
CSBψo 100 85.7 94.2 100 14.3
CSBψi 100 81.3 97.5 125 43.8
CSBWo 100 100 123.3 130 30
CSBWi 100 77.8 97.6 100 22
CSBψo 100 100 109 116 16
CSBψi 100 59 78.6 100 40.9
CSBWo 100 89.1 112.3 116 26.8
CSBWi 100 92.6 112 128.6 35.7
Tsup 100 100 126.9 166.7 66.7

The above parameters are normalized on the basis of a 100 % reference configuration
A total of 45 configurations are computed (DoE-dimension of Study II)
CSB compressor side bearing , TSB turbine side bearing, D1 CSB shaft diameter, D2 TSB shaft diameter, ψi inner clearance, ψo:
outer clearance, Wi inner width, Wo outer width, Tsup oil supply temperature with T min

sup = 90 ◦C & T max
sup = 150 ◦C

be avoidable. While Sub2 could be listed under comfort-issue problems, Sub3 with extended amplitudes might
lead to rotor destruction.

It should be mentioned that the methodology applied for Study I and the subsequent Study II is not restricted
on how to vary the investigated parameters. Here, it is conducted by means of DoE, but the application of
multivariate analysis algorithms for defining the parameter space with the help of sampling methods, e.g.,
random, Monte Carlo and Latin Hypercube is not excluded [17,26].

4.2 Study II: Shaft-bearing dimension design

Here, the parameters regarded for variation via multiple run-up simulations are those directly involved in
the Reynolds equation for describing the fluid-film dynamics. Therefore, the compressor and turbine side
bearing’s clearance and width for both the inner and outer oil-films are taken into consideration. Addition-
ally, Study II is extended by accounting as independent parameter the shaft diameter along the rotor length
L = LCB + L B + LTB (Fig. 3), but separated into two parts: D1 denoting the compressor side bearing
shaft part of L and D2 analogously defined for the turbine side bearing shaft part of L . Finally, contrary
to Study I, the oil supply temperature is also set as a parameter to be varied, but only for the case of
coping with either a cold (T min

sup = 90 ◦C) or a warm (T max
sup = 150 ◦C) boundary condition. All above 11

parameters are listed in Table 4, the combination of which results in a total of 45 different rotor- assembly
configurations.

The parameter influence of both studies I and II is separately assessed in the following Sect. 5 in terms
of data mining analysis. Aim is firstly to provide a general suggestion scheme w.r.t. to the macro-geometry
of the rotor-bearing assembly (Study I). Thereafter, on the basis of a quasi-optimized macro-geometry the
additional information w.r.t. the parameters influencing the bearing dynamics should be indicated, thus leading
to an overall optimum rotor assembly design under the frame conditions defined by the set of responses
(Table 1).
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5 Turbocharger run-up simulation: data mining analysis

5.1 Study I: Shaft-bearing position design

Data mining analysis [19,27] copes with producing a low-dimensional space of multivariate samples in terms
of quantitative measures for characterizing the dependencies among the samples. For that purpose, the Pearson
correlation coefficient [19,26,27,32]

r(T,T) =
∑n

i �= j

(
ti j − μT

) (
ti j − μT

)

√∑n
i �= j

(
ti j − μT

)2
√∑n

i �= j

(
ti j − μT

)2

μT : sample means, ti j : i j-th element of T
T = {R , V} , R : matrix of Responses, V : matrix of Variables (7)

is utilized with T being the data matrix, which collects the information of variables or responses stored both in
a columnwise format. The Pearson coefficient varies between −1 and 1, with 1 denoting a perfect increasing
linear correlation between the compared data and −1 an equivalent perfect anti-correlation. The values in-
between serve as indication factors w.r.t. the linear dependence degree of the compared data.

Figure 4 gathers the Pearson correlation information w.r.t. Study I, all of which is summarized in the
following Table 5.

In contrast to the Pearson coefficient, the Coefficient of Importance (CoI) [12,32] indicates the possible
multivariate dependencies of a group of input parameters (for details see Appendix B.1). CoI indicates the
influence of a single input variable among the complete set of input variables upon a chosen response. Figure 5
gathers the CoI results for the current Study I, which can be interpreted as follows:

– rowwise with each “FullR2” indicating the approximate total amount of variance for the associated response
due to all variables. This value is decomposed into each variable-induced variance, while simultaneously
considering the variance of the rest of the variables (Table 2)

Fig. 4 Study I: Pearson correlation matrix
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Table 5 Study I: Shaft-bearing position design—major input & output dependencies

Parameter Influence on inner & outer oil-film
(ei & eo for both CSB & TSB)

Influence on Subamp
1,2,3- & duration

D A flexible shaft with small diameter operates
overall positive for the CSB, but negative for
the TSB inner oil-film. Herewith, a possibility
of a shaft concept with asymmetrical diameter
could be favored

A flexible shaft with small diameter operates
positively for Subamp

3 , but results with
elongated Sub2 (constant tone) and larger
Subamp

1

L B A small L B acts positive for the CSB and
negative for the TSB inner oil-film

A small L B acts negatively for Subamp
3

LCB A small LCB acts positive for the outer CSB
oil-film, but negative for the inner TSB oil-film

A small LCB acts positive w.r.t. Subamp
3 , but neg-

ative w.r.t. Subamp
1 , although both are conical

modes
LTB A small LTB acts positive for the outer CSB

oil-film
A small LTB acts positive w.r.t. Subamp

2,3 , but

negative w.r.t. Subamp
1 (negligible

correlations)

Fig. 5 Study I: coefficient of importance (CoI)

– columnwise depicting the associated variable’s interaction with the investigated set of responses.

Figure 5 clearly depicts that the shaft diameter D interacts with almost the whole response space, whereas
LT B shows no interaction at all. Extended interaction dependencies of all input data and the sub-synchronous
responses are given in details in Appendix B.2 with the help of Response Surface Methodology [28].

The aforementioned conclusion is confirmed by the application of sensitivity analysis. It is computed by
performing linear regression analysis on the matrix of the responses R using the matrix of variables V, and
then, a standard principal component analysis (PCA) is conducted on the approximate matrix obtained by
multidimensional regression [12,16,32]. The computed regression coefficients are used as ranking variables
for the global sensitivity of the Study I parameters, i.e., pinpointing the variables (Table 2) that have the most
influence upon the global set of responses as defined in Table 1. The results are depicted in Fig. 6. For details
w.r.t. to the sensitivity analysis of the parameters upon each individual response of the associated response
configuration space, see Appendix B.3.

Both the sensitivity analysis results (Fig. 6) as well as the CoI coefficient (Fig. 5) quantify the shaft diameter
D being the most influential input variable (39% influence) upon the global set of responses (Table 1). On
the other hand, the role of LTB is subordinate (10 % influence), whereas LC B and L B are rated as equally
important (26 and 25 % influence, respectively). The latter though exhibit controversial properties w.r.t. the
amplitude of Sub3 and the CSB and TSB outer oil-film (Table 5). Therefore, L B and LCB should be designed
so as to neutralize the inherited opposite effects between the CSB and TSB oil-films, and Sub3 itself.

On the basis of the aforesaid, the optimized shaft-bearing position design is proposed in Table 6.
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Fig. 6 Study I: sensitivity analysis

Table 6 Study I: Shaft-bearing position design—optimized design based on the 100 % reference configuration

Variable Design suggestion based on the reference configuration

D Utilization of an asymmetric shaft design (DCSB < DRef
CSB < DTSB = DRef

TSB)
L B Increase the dimension as much as possible (L B > LRef

B )
LCB Decrease the dimension allowed by the rotor assembly constraints (LCB < LRef

CB )
LTB Either decrease or leave unchanged (LTB ≤ LRef

TB )

Table 7 Study II: Shaft-bearing dimension design–major input & output dependencies

Parameter Influence on inner & outer oil-film
(ei & eo for both CSB & TSB)

Influence on Subamp
1,2,3- & duration

D1 The smaller the CSB shaft part diameter is,
the better the outer oil-film response is

The smaller the CSB shaft part diameter is,
the better Subamp

1,2,3 is
D2 A large TSB shaft part diameter acts positive

for both outer oil-films
A large TSB shaft part diameter acts positive

for Subamp
3

ψo Large ψo values result in very unstable outer
oil-films

Large ψo values cause large Subamp
3 and

contribute in all Sub1,2,3 occurring earlier
in the RPM range

Wo Large Wo values contribute in stabilizing the
outer oil-films

Large Wo values contribute in stabilizing
Subamp

3 , but induce simultaneously larger
Subamp

1,2 that occur earlier in the RPM range
ψi Only TSBψi shows positive correlation to a

system response, i.e., the TSB inner
oil-film

–

Wi A large TSBWi correlates to a destabilized
inner oil- and a stabilized outer oil-film

A large T SBWi correlates to larger Subamp
3

that occurs earlier in the RPM range
Tsup Large oil supply temperatures have a direct

destabilizing effect for both inner oil-films
Large oil supply temperatures cause Subamp

1,2
to occur earlier in the RPM range (small
correlation strength)

5.2 Study II: Shaft-bearing dimension design

The data mining procedure occurs analogously for Study II. The Pearson correlation results are depicted in
Fig. 7 with the major contributions w.r.t. linear analogies among input and outputs being gathered in Table 7.
As in Study I, here also the advantage of utilizing an asymmetric diameter for the CSB- and the TSB shaft part
is clearly noted (Table 7). It is observed that several of the design parameters exhibit positive behavior w.r.t. to
a specific response, e.g., large Wo induces smaller Subamp

3 , but simultaneously cause problems w.r.t. to other
responses, e.g., large Wo causes larger Subamp

1,2 .
The importance of each parameter upon the global set of responses is assessed by applying the sensitivity

analysis, the results of which are depicted in Fig. 8. Here, almost 40 % of the system’s global response is
controlled by the design of the outer clearances (CSBψo & TSBψo ), thus directly indicating the compulsory
design modification. The suggestion of utilizing smaller outer clearances in case of coping with Sub3 issues is
an experience-based solution, which in the framework of the current analysis is in addition quantified (≈40 %).
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Fig. 7 Micro-geometry study—Pearson correlation matrix

Fig. 8 Micro-geometry study—sensitivity analysis

The bearings’ outer width is further listed as important factors, which along with the outer clearances
contribute in influencing over 55 % of the system’s global response as defined in Table 1. Of course, as already
noted in Table 7, an enlargement of the bearing outer width although Sub3-beneficial, it acts contra-productive
w.r.t. to constant tone problems (Sub2).

An interesting aspect regards the oil supply temperature Tsup. It is ranked as the fourth most important
parameter with its tendency w.r.t. correlation being noted in Table 7. The oil supply temperature is directly
involved with both the properties of the oil (viscosity) and the interacted materials parts (shaft, bearing,
housing) affecting directly the associated bearing speed. For further details w.r.t. to the sensitivity analysis of
the parameters upon each individual response of the associated response configuration space, see Appendix C.1.

Since, a turbocharger rotor has to perform equally well under cold and warm conditions (cold-start or friction
loss problems), the presented results are extended by applying the Self-Organizing Maps (SOM) methodology
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Fig. 9 SOM analysis—Study II—normalized responses

[20,21] in order to account for a feasible rotor assembly design that would hold on to the addressed cold and
warm prerequisites.

Figure 9 gathers the SOM results, based on which four major conclusions are drawn for the specific rotor
assembly:

1. The similarity in the SOM pattern for Subamp
1 and Subamp

2 indicates a quasi-linear behavior between these
two responses, i.e., their evolution is linearly inter-dependent. Additionally, the reversed similarity among
Subamp

1,2 and Subamp
3 denotes the anti-linear behavior of these responses, i.e., it is impossible to reach to a

simultaneous optimal solution w.r.t. all Subamp
1,2,3.

2. The CW response is highly dominated by Subamp
3 , which in turn possesses a similar pattern w.r.t. to both

outer eccentricities, thus indicating a linear analogy (that explains the ≈40 % influence on the system’s
global response).

3. The similarity in the SOM pattern of both bearing’s outer widths (CSBWo and TSBWo ) w.r.t. Subamp
1,2 and

simultaneously the reversed pattern of the same input parameters w.r.t. both the outer oil-films (CSBeo

and TSBeo ). This fact exhibits the experienced-based conclusion of not being able to optimize all sub-
synchronous responses for the case of turbocharger rotors with full-floating bearings.

4. The positive effect of utilizing a non-symmetric shaft diameter for the compressor and turbine side bearing.
Besides the associated D1 and D2 dependencies noted in Table 7, a shaft with higher elasticity compared
with the standards is insinuated, the positive properties of which w.r.t. bifurcation sequences is investigated
in [3].

Furthermore, SOM is utilized for indicating a best-case scenario (elliptical selected cells in Fig. 9), but
more importantly a compromise scenario (rectangular selected cells in Fig. 9) that holds for the whole oil
supply temperature range (cold and warm condition) as well as for the complete min–max inner and outer
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Table 8 Study II: Shaft-bearing dimension design—Optimized design based on the 100 % reference configuration

Parameter Rotor assembly

Best Sub3 configuration Compromise Sub1,2,3 configuration

D1 & D2 ↘ & = ↘ & =
CSBψo & TSBψo ↘ & ↘ = & =
CSBψi & TSBψi = & = = & ↗
CSBWo & TSBWo ↗ & ↗ ↗ & ↗
CSBWi & TSBWi = & ↘ ↘ & ↘
“↘” “↗” and “=” indicates parameters with dimension smaller, larger and equal than the associated parameter of the reference
configuration rotor assembly, respectively

Fig. 10 Comparison of compressor wheel’s center of mass radial displacement: Reference a, d—best b, e–compromise b, e; a
through c with Tsup = 90 ◦C and d through f with Tsup = 150 ◦C

clearance range (feasible construction w.r.t. to cost and robustness). Under consideration of the aforesaid,
the results (reference, best and compromise case) are gathered in Table 8 and are compared in form of the
compressor wheel’s radial displacement, eccentricities and waterfall diagrams depicted in Figs. 10, 11 and 12,
respectively.

As observed in Figs. 10, 11 and 12, in the reference configuration, the outer oil-film of both bearings
destabilizes at a small RPM threshold ending with high radial displacement responses, whereas the best case
offers an overall Sub3-stability throughout the whole RPM range for both Tsup = 90 ◦C and Tsup = 150 ◦C.
Nevertheless, the best-case scenario suffers from extended constant tone problems (Sub2), when Tsup = 150 ◦C.
The compromised design delivers a well-stabilized rotor for the cold oil supply conditions, but ends up with
Sub3 response at the end of the RPM range.
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Fig. 11 Comparison inner & outer bearing eccentricities: Reference a, d—best b, e—compromise b, e; a through c with Tsup =
90 ◦C and d through f with Tsup = 150 ◦C

6 Conclusions

In this paper, a methodology is applied for the case of a turbocharger rotor with full-floating ring bearings
that allows the quantification of the sub-synchronous vibrations during run-up simulations. It is conducted
by considering both the wheel shaft, i.e., macro-geometry, and shaft-bearing geometry, i.e., micro-geometry,
as a set of input parameters, the variation of which contributes in quantifying their influence upon the sub-
synchronous evolution with respect to amplitude and duration criteria.

In contrast to the current standards, a different approach is undertaken in an effort to account for both
qualitative as well as quantitative information w.r.t. the influence of the investigated parameters on specified
system responses, but also among the responses themselves. In this regard, a configuration response space
with 13 quantities (Table 1) has been defined aiming at capturing in detail all possible rotor dynamic effects
during a run-up simulation, e.g., which the oil-film destabilizes, the sub-synchronous amplitudes along with
the associated duration.

Motivated by linear multivariate regression algorithms and data mining techniques, i.e., correlation coeffi-
cients and global sensitivity methods, the influence of each design parameter on the sub-synchronous formation
is analyzed and more importantly quantified.

The macro-geometry results impose the shaft diameter D (Fig. 3) being the most influential input variable
(39 % influence) upon the global set of responses. On the other hand, the role of LTB is subordinate (10 %
influence), whereas LCB and L B are rated as equally important (26 and 25 % influence, respectively). The
latter though exhibit controversial properties w.r.t. the amplitude of Sub3 and the CSB and TSB outer oil-film.
Therefore, L B and LCB should be designed so as to neutralize the inherited opposite effects between the CSB
and TSB oil-films, and Sub3 itself. In this regard, an optimum macro-geometry design is proposed (Table 6).
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Fig. 12 Comparison waterfall diagram: Reference a, d—best b, e—compromise b, e; a through c with Tsup = 90 ◦C and d
through f with Tsup = 150 ◦C

The micro-geometry results show that almost 40 % of the system’s global response (Table 1) is controlled
by the design of the outer clearances (CSBψo & TSBψo ), thus directly indicating the compulsory design mod-
ification. The bearings’ outer width is further listed as important factor, which along with the outer clearances
contribute in influencing over 55 % of the system’s global response. An enlargement of the bearing outer width
although Sub3-beneficial, it acts contra-productive w.r.t. to constant tone problems (Sub2). Additionally, the
oil supply temperature is ranked as the fourth most important parameter, thus directly affecting the associated
bearing speed.

Since, a turbocharger rotor has to perform equally well under cold and warm conditions (cold-start or
friction loss problems), the presented results are extended by applying the Self-Organizing Maps methodology
in order to account for a feasible rotor assembly design that would hold on to the addressed cold and warm
prerequisites. On that basis, a best and a compromise rotor assembly configuration is proposed (Table 8), the
results of which are illustrated using the classic rotor dynamics outputs (Figs. 10, 11, 12).

The aforementioned results are to be taken as a specific solution w.r.t. the sub-synchronous problems in
case of small-sized high-speed rotors with full-floating ring bearings. Different configurations of small-sized
or larger sized rotors with either semi- or full-floating ring bearings do not necessarily hold on to the current
proposed design modifications, but the proposed methodology could be applied in order to derive and quantify
the most influential parameters and suggest a modified rotor assembly design.

Appendix A: Hydrodynamic bearing model

In this section, the hydrodynamic bearing model used throughout the simulations of the current paper is briefly
explained. Figure 13 depicts the sectional drawing of a plain circular hydrodynamic bearing, based on which
the derivation of the two-dimensional Reynolds equation [14,26,35,39] is formulated as given in (8), i.e.,

∂

∂x

[

h3 ∂p

∂x

]

+ ∂

∂z

[

h3 ∂p

∂z

]

= 6μ

[

U
∂h

∂x
+ 2

∂h

∂t

]

. (8)
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Fig. 13 Left-hand side display of oil-film thickness & right-hand side cross section through full-floating ring bearing:elastically
bedded housing, ring and shaft as given in [33]

Here, p represents the oil-film pressure, μ the dynamic oil viscosity and U is the circumferential velocity
component of the associated valve guide, which due to the presence of viscosity coincides to the associ-
ated velocity component of the fluid. Thus, for the inner oil-film, the velocity component of the shaft coin-
cides with the velocity component of the inner oil-film, and for the outer oil-film, the velocity component of
the bearing coincides with the associated velocity component of the outer oil-film. The term h := h(x, z)
refers to the oil-film thickness (Fig. 13), which described in cylindrical coordinates equals to h = R − r +
e(z) cos(ϕ − φ(z)).

Equation (8) is solved for both the inner and the outer oil-film and the associated oil-film pressure p is
obtained. Thereafter, the friction torque MR is calculated by integrating the shear stress over the bearing surface
[26,35], i.e.,

MR = R
∫

z

∫

x
τdxdz, with τ = μ

∂u

∂y
= 1

2

∂p

∂x
h + μ

U

h
(9)

The overall hydrodynamic bearing force is calculated by the double integral of the resultant pressure distribution
FB = ∫

z

∫
x Pdxdz (for both the inner and the outer oil-film [35], but without accounting for oil-flow interaction

between the two films).
The aforementioned solution procedure is integrated into (3)–(6), i.e., the information w.r.t. bearing eccen-

tricities and the associated oil-film thickness along with the associated time derivatives are used as input for
solving (8). Thereafter, the resulting bearing forces and friction torques are used in (3)–(6) for computing the
multi-body dynamics.

Appendix B: Study I

Appendix B.1: Study I: Coefficient of importance—CoI

The coefficient of importance (CoI) indicates the possible multivariate dependencies of a group of input
parameters and explains the influence of a single explanatory variable xs among the complete set of input
variables on a chosen response.

Let Xn×v = [x1 x2 . . . xs . . . xv] be the matrix of all v explanatory variables and Yn×r = [
y1 y2 . . . yr

]

the associated matrix of r responses. Here, n denotes the total number of configurations and s corresponds to
a random explanatory variable, which is utilized for calculating the CoI as follows, i.e.,

CoI j,s = R2
j − R2

j,s, j = 1, 2, . . . , r (10)

R j =
∥
∥
∥ŷ j (x1, x2, . . . , xs, . . . , xv)− ¯̂y j

∥
∥
∥

2

∥
∥y j (x1, x2, . . . , xs, . . . , xv)− ȳ j

∥
∥2 (11)

R j,s =
∥
∥
∥ŷ j,s(x1, x2, . . . , xs−1, xs+1, . . . , xv)− ¯̂y j

∥
∥
∥

2

∥
∥y j (x1, x2, . . . , xs−1, xs+1, . . . , xv)− ȳ j

∥
∥2 (12)
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Fig. 14 Study I—response surface for Subamp
1 —normalized data

with CoI j,s denoting the CoI of the explanatory variable xs on the selected response y j . The terms ŷ j and
ŷ j,s refer to the regression fitted values by including and excluding xs , respectively. The CoI calculation of all
explanatory variables leads to the definition of the associated CoIr×v matrix, which can be written as

CoI =

⎡

⎢
⎢
⎣

CoI1,1 CoI1,2 . . . CoI1,v
CoI2,1 CoI2,2 . . . CoI2,v
...

...
...

...
CoIr,1 CoIr,2 . . . CoIr,v

⎤

⎥
⎥
⎦ . (13)
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Fig. 15 Study I—response Surface for Subamp
2 —normalized data

Appendix B.2: Study I: Response surface methodology—RSM

Here, the RSM algorithms are applied, which are defined in [12,32]. The purpose of utilizing a RSM process
is to enable the evolution of the compared data, which go beyond the boundaries or cover as different points
defined in the associated variational study.

The RSM data depicted in Fig. 14, 15 and 16 serve the purpose of establishing the proposed macro design
parameters in Table 6 as being the optimum design. All possible parameter combinations are given for each
sub-synchronous response (all parameters vs. Subamp

1 in Fig. 14, vs. Subamp
2 in Fig. 15 and vs. Subamp

3 in Fig. 16)
thus, capturing their combined effect upon the associated response.
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Fig. 16 Study I—response Surface for Subamp
3 —normalized data

Appendix B.3: Study I: Sensitivity analysis—individual responses

Figure 17 collects the information w.r.t. the parameter influence upon each individual response, while taking
into consideration the whole set of responses. The sum of the absolute percentage variation values equals
100 % thus, indicating both the amount as well as the positive or negative parameter influence on the evolution
of the associated response.

The sensitivity analysis results for individual responses, e.g., as depicted in Fig. 17 can be effectively
utilized in order to capture the impact of a design modification on a specific response. Nevertheless, these
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Fig. 17 Study I: Sensitivity analysis on individual responses

data should serve as supplementary information to the results gathered in Table 5 and Figs. 5, 6, since dynamic
responses cannot be isolated from each other and the global system response is ultimately important.

Appendix C: Study II

Appendix C.1: Study II: Sensitivity analysis—individual responses

For a short description on how Figs. 18 and 19 should be read, see B.3. Figures 18, 18 and 19 serve as
supplementary information to the results gathered in Table 7 and Fig. 8.

Appendix C.2: Study II: Self-organizing map (SOM)

The self-organizing map (SOM) methodology is applied [20,21] using the SOM MATLAB toolbox [41]. For
the purpose of the current study the sequential training algorithm has been applied, which is briefly outlined in
the following (in the exact way as described in [26]). For an in-depth description of the method see [20,21,41].

Assume the high-dimensional input data (variables and responses in Sect. 3) be represented by a d-
dimensional set of vectors. A weight vector M = [m1 m2 . . . md ]T ∈ R

d is associated with each element
of the SOM array, which additionally is of equal dimension. At each training step, a random sample vector x
is selected from the input set and the associated distances w.r.t. to the weight vectors are calculated. Herewith,
the best-matching unit (BMU) is ascertained [20], which is calculated by allocating the node index c with the
minimum distance—Euclidean distance—from the input vector [41]:

‖x − mc‖ = mini {‖x − mi‖} (14)
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Fig. 18 Study II: Sensitivity on individual responses I

The SOM weight vectors mi are updated such that BMU gradually approaches the input vector in the input
space with the associated BMU topological neighbors conducting the same procedure. The time-dependent
update algorithm used therefore is [20,21,41]:

mi (t + 1) = mi (t)+ α(t)hci (t) [x(t)− mi (t)] , (15)

with α(t) being the monotonically decreasing learning rate [20,21,41], hci (t) the neighborhood function
around the computed unit c and t the time. A random initialization scheme is chosen for the SOM generation
and the Gaussian function is used for allocating the neighborhood function hci (t) as defined in [41], i.e.,

hci (t) = e−d2
ci /2σ

2
t

σt : neighborhood radius at time t

dci : distance between the map units c and i on the map grid (16)
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Fig. 19 Study II: Sensitivity on individual responses II
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