In the figure, two cables of stiffness K connect a wheel of mass M. to ground. The wheel with radius r¢, has
mass moment of inertia is I The pendulum, attached to the wheel center, has mass Ms and mass moment of
inertia, I, with LB as the distance OG from the pin connection to the pendulum CG. The two cables of stiffness
K are initially stretched with force F, . At time t=0 s, the pendulum is displaced angle ®o and released, motion
of the whole system follows. Assume there is no friction between the wheels and the horizontal surface.

a) Define DOFs, establish kinematic constraints and select independent coordinates for the motion of the wheel
and pendulum.

b) draw FBDs and use Newton’s Laws (Forces & Moments) to derive the system EOMs of the wheel and the
pendulum for t>0 s. OR

b) Write system energies and using Lagrangian derive the system EOMs.
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Wheel :
Xc Mc, Ic, rc
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cs [N

YB |

Xg=Xc +Lgsind
Yy =—L;cosé
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Rolling w/o slipping
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DIAGRAM of forces at STATIC EQUILIBRIUM POSITION

SEP: Xc=XB=0

Fasy

(Wc+Wa): weights

Fasy=K&

N: Normal force

DEFINITIPNS:

Forces: ‘

Fasy: assembly force for springs
(extension or stretched)

Parameters:

Ms, Mc: masses pendulum & wheel
K: stiffness coefficients

Iz= pendulum mass moment of inertia
|.= wheel mass moment of inertia

r. = radius of wheel

Le=distance O-G

Coordinates (VVariables): 5 DOF

Xc: translation of wheel
o rotation of wheel
X&:Ys: translation of pendulum cg

0: rotation of pendulum,
(Absolute frames of reference, with origin at SEP)

Xe=l.-a

Kinematic constraints:

Stretched cables on assembly

(Ob)

Xg =X +Lgsind
Yy =—L;coséd




DIAGRAM of forces when moving Wheel :

xc | We Mc, Ic, rc

Fr

FC N Spring forces:
F=Fy —KX¢
: Fo=F, + K X,
Xg =X +Lgsind Ws O
Ys =—L;cos@
Xe=la Mes, Ig, Ls

Rolling w/o slipping

Speeds and accelerations of bar CG
Xg=X.+Lg0cos@ X, =X.+L,0cos0—-L,0sing
Y, =L, Osiné Y, =L, Osind+L, 6 cosé

DEFINITIONS:

Forces:

FL, FL: forces from springs

Ox, Oy: connection pin forces
W=Mg : weight, N: normal force
Fc : contact force

Parameters:

Ms, Mc: masses pendulum & wheel
K stiffness coefficients

Iz= pendulum mass moment of inertia
|.= wheel mass moment of inertia

r. = radius of wheel , Ls=distance O-G

Coordinates (VVariables): 5 DOF

Xc: translation of wheel

o: rotation of wheel

Xg:Ys: translation of pendulum cg
0: rotation of pendulum

5 DOF - 3 Egns. Of constraint =
2 independent DOFS

P1-Derive EOM - SP09




DIAGRAM of forces when system moves Wh e el .
Mg, Ic, rc

Spring forces:

Fr =Fuy — K X¢
FL=Fy +K X,
(1)

Xy =Xc +Lgsing
Yy =— Ly cosé

Rolling w/o slipping

Wheel ..
M. Xe=F-F +0,-F.
Mc Yo =0=-W,+0, +N
l.a=r. K

Pendulum B
MB XB :_Ox
M, Y, =—0, W,

| 6=0,L, cosd+0, L, sin O fE

DEFINITIONS:

Forces:

FL, FL: forces from springs

Ox, Oy: connection pin forces
W=Mg : weight, N: normal force
Fc : contact force

Parameters:

Ms, Mc: masses pendulum & wheel
K stiffness coefficients

Iz= pendulum mass moment of inertia
|.= wheel mass moment of inertia

r. = radius of wheel , Ls=distance O-G

Coordinates (Variables): 5 DOF
Xc: translation of wheel

o: rotation of wheel

Xg:Ys: translation of pendulum cg
0: rotation of pendulum

Select X.and @ as
independent variables




DIAGRAM of forces when system moves Wheel :

Me I, re Derive Equations of Motion:

Fr
_________ Equations of importance are
Spring forces (4a) and (5c): translation of wheel
Fo=Fay ~K X and rotation of pendulum.
FL=F, +KX.
Xg =X +Lgsinég B
Ys =— Ly cos® In Egn (4a): substitute spring
-Xc =la Me, Is, Le forces (2 )
Rolling w/o slipping F - F -K X / ( )
F . =Fy+KX:  contact force from (4c),
/ Ica:rCFC anda:r_c
C
¢ Xo=F,~F +0,-F, and pin force Ox from eqn (5a)
:%—Kxc—(%Kxc)—MBXB—'—C& M, X =-0,
" 1
=—2K Xo —M, (X; + Ly fcoso-L, 6°sin0) - r—gxc X, =X_+L, 0cosO—L, 6°sind

(@]

Note how assembly (static) forces cancel out.

(M +: +M j)‘(‘c+MB(LBécosa—LBézsin9)+2KxC=o (6)
Cc

This is the first EOM describing translation of wheel, rolling w/o slipping, and connected to a swinging pendulum
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DIAGRAM of forces when system moves Wheel :

Mec,Ic, rc

Spring forces:

: FL=Fy +K X,
Xg =X +Lgsing Ws )
Y, ==L, cos@

Ms Is, Lo

Rolling w/o slipping

ensun | )

1,6=0,L,cos6+0,L,sing

Fr =Fuy, — K X¢

Derive Equations of Motion:

In egn (5c¢) for rotation of pendulum:

substitute pin reaction forces Ox, Oy from egns
(5a,b)

O, =-Mg Xy=-Mg (X, + Ly fcoso—L, 6°sin0)

x__

O, =—Mg Yy =W, =— M, (L, Fsin 6+ L, 6 cos0) - W,

\ Xy =X +Ly0cos0—L,0°sing
©)

Y, =L, dsin@+L, 6°cosé

=(~Mg (X; +Lg Gcos 6Ly 6°sin0)) L, coso

+( Mg (Lg Gsin 0+ Ly 67 c0s0) ~W ) Ly sin 0

(15+MgLy® )G+ ML, cosOX ¢ + Wyl sind =

|

=(MsL, QZS/M@) Ly c0s0 +(—M B}ﬁz cosf)Lgsin@  Cancel equal terms

(15+M3Ls* ) +MgLy cos X +W, Ly sind =0 [

This is the 2" EOM describing rotation of pendulum, connected to a

wheel, rolling w/o slipping

(5a,b)



ENERGIES for system components

Kl netic eENergy = T = Twheel translation+Twheel rotation +Tpend—trans|ation "'T pend rotation Kinematic constraints
T=¥M XZ+ ¥l a?+ %My (XE+YE)+ 41,67 = X, =X_+L, 0cosd
1) .. . e Ny=L,6sin0
=4| M, +r—gjx§+%MB(x§ +2X Ly 0cos0+ L5 67)+ 41, 62 X
C I

T=Y MC+|r—(23+MBJX§+%MB(2XCLBQCOSQ)+%(IB+MBLZB Il ()
Cc

Potential energy = V strain energy in cables + V gravitational from pendulum

V:%K(§_XC)2+%K(5+XC)2+WBLB(1_COSQ) Wheel :

Spring on right spring on left
Xc Mec, Ic, rc
8 is static deflection (stretching from assembly) = Fasy/ K

Viscous dissipated power = ¢ =0

9
External work Q=0 Xe =X Lysind

Yy =—Lgcos@

No external forces applied.
Contact force (rolling w/o slipping) does not perform work X, =1, a

Rolling w/o slipping




Derive Equations of Motion:
STEP 2: Lagrange’s equations

d (aTj oT oV |
Wl A | T T— T — (11)

dt\ o, a9, 0q,

STEP 3: Derivatives of potential energies & Kinetic energies
V=5K(5= X ) +5K(5+Xc) +W,Lg (1-cos6)

oV :
aXczK(5—XC)(—1)+K(5+XC)=K(—5+XC+5+XC)=2KXC, (12)
%:WBLBsinQ
T=%[MC+'c/cz+MB)xg+%MB(2XCL89cose)+%(|B+MBLZB)92

oT - -

(GXJ:(MC+%+MBJXC+MB(LBQCOSQ);

d (0T | . . o oT
a[axcj:(Mc+%+MB]XC+MBLB(QCOSQ—QZSIHQ) (axcj: 0; s

. T .
[%}: Mg Ly (X cos8)+ (15 +M,L2 )6; (ﬁj—‘MBLB(XCQS'”Q)

%(%):@B +M,L5 )0+Mg Ly ( X cos0- X Osino)



Derive Equations of Motion: V=5K(5=X ) +5K(5+Xc) +W,Lg (1-cos6)

From:

T :%(MC+'c/z+MBjxg+%MB(2XCL89’cose)+%(|B+MBLZB )67
Cc

. ) d| oT oT oV
Equation for translation of wheel dtl 3% — X + X +0=0
c c c

(MC + IC/Z+MBJX'C +MB(LBé?'c036?—LB ézsin0)+2K X.=0 (14)=(6)
C

 Equation for rotation of pendulum | NS SNNREL SR
~ | - + +0=0

dti g9 ) 066 0606

(15 + ML )0 +M, Ly ( )'('Ccosé’—Xcéyiw/)JrMB LB(X%0)+WBLBsin0:O

(15+MgLg?) 6+ ML, cos X +W, L, sin 6 =0 [FEEE)

Equations of motion (14) and (15) = equations (6) and (7)

Xy =X +Lgsiné
Yy =—Lg cos@

Rolling w/o slipping

Wheel :
Mc, Ic, rc




